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ABSTRACT
BONNIE DANETTE ALLEN: Hardware Design Optimization
for
Human Motion Tracking Systems
(Under the direction of Gregory F. Welch)
A key component of any interactive computer graphics application is the system for
tracking user or input device motion. An accurate estimate of the position and/or orientation
of the virtual world tracking targets is critical to effectively creating a convincing virtual
experience. Tracking is one of the pillars upon which a virtual reality environment is built
and it imposes a fundamental limit on how real the “reality” of Virtual Reality can be.
Whether working on a new or modified tracking system, designers typically begin the
design process with requirements for the working volume, the expected user motion, and
the infrastructure. Considering these requirements they develop a candidate design that
includes one or more tracking mediums (optical, acoustic, etc.), associated source/sensor
devices (hardware), and an algorithm (software) for combining the information from the
devices. They then simulate the candidate system to estimate the performance for some
specific motion paths. Thus the predictions of such traditional simulations typically include
the combined effect of hardware and algorithm choices, but only for the chosen motion
paths. Before tracker algorithm selection, and irrespective of the motion paths, it is the
choice and configuration of the source/sensor devices that are critical to performance. The
global limitations imposed by these hardware design choices set a limit on the quantity and
quality of the available information (signal) for a given system configuration, and they do
so in complex and sometimes unexpected ways. This complexity often makes it difficult for
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designers to predict or develop intuition about the expected performance impact of adding,
removing, or moving source/sensor devices, changing the device parameters, etc.
This research introduces a stochastic framework for evaluating and comparing the ex-
pected performance of sensing systems for interactive computer graphics. Incorporating
models of the sensor devices and expected user motion dynamics, this framework enables
complimentary system- and measurement-level hardware information optimization, inde-
pendent of algorithm and motion paths. The approach for system-level optimization is to
estimate the asymptotic position and/or orientation uncertainty at many points throughout
a desired working volume or surface, and to visualize the results graphically. This global
performance estimation can provide both a quantitative assessment of the expected per-
formance and intuition about how to improve the type and arrangement of sources and
sensors, in the context of the desired working volume and expected scene dynamics. Us-
ing the same model components required for these system-level optimization, the optimal
sensor sampling time can be determined with respect to the expected scene dynamics for
measurement-level optimization.
Also presented is an experimental evaluation to support the verification of asymptotic
analysis of tracking system hardware design along with theoretical analysis aimed at sup-
porting the validity of both the system- and measurement-level optimization methods. In
addition, a case study in which both the system- and measurement-level optimization meth-
ods to a working tracking system is presented.
Finally, Artemis, a software tool for amplifying human intuition and experience in
tracking hardware design is introduced. Artemis implements the system-level optimiza-
tion framework with a visualization component for insight into hardware design choices.
Like fluid flow dynamics, Artemis examines and visualizes the “information flow” of the
source and sensor devices in a tracking system, affording interaction with the modeled
devices and the resulting performance uncertainty estimate.
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Virtual Reality (VR) is a human-computer interface (HCI) modality that involves real-
time simulation and interactions through multiple sensory channels [19], most commonly
visual. VR applications immerse the user in a computer-generated virtual environment
(VE) that simulates reality through the use of interactive devices, which send and receive
information to detect a user’s input and modify the rendered virtual world accordingly.





If any one of the components does not perform as required, the result is a less than satis-
factory virtual experience that can cause a wide variety of negative effects ranging from
misinformation (object location for example) to simulation sickness [53].
A key input process into any interactive virtual reality application is the system for
tracking user or input device motion. An accurate estimate of the position and/or orien-
tation of both people and objects of the virtual world is critical to effectively creating a
convincing virtual experience.
Fidelity in VR is limited by the selected tracking system’s precision and accuracy [8].
While the estimation circumstances and performance characteristics vary with the selected
tracking system, the fundamental source of information is the same: pose estimates are de-
rived from electrical measurements of mechanical, inertial, optical, acoustic, and magnetic
source/sensors [104]. Each type of hardware device has inherent limitations related to the
physical medium and practical limitations imposed by the measurement systems. The lim-
itations imposed by hardware design affect the rate and quality of the information through-
out the working volume for a given system configuration in complex and often unintuitive
ways. This complexity often makes it difficult for designers to predict or develop intuition
about the expected performance impact of adding, removing, or moving source/sensor de-
vices, changing device parameters, etc. For example, what would be the likely effect of
removing or re-arranging a tracking system’s optical or acoustic beacons? How and where
will the addition of nearby light or sound-occluding objects affect performance? How will
moving or redirecting one motion capture camera affect the precision? Will it help to add
another camera? How many do you need? What happens if you change the camera lenses
or field-of-view (FOV)?
1.1. System Design
Whether working on a new or modified tracking system, designers typically begin the
design process with requirements for the size and shape of the working volume, the ex-
pected user motion, and the allowable infrastructure. Considering these requirements, they
develop a candidate design that includes one or more tracking mediums (optical, acoustic,
etc.), medium appropriate source/sensor devices (hardware), and some algorithm (soft-
ware) for combining the information from the devices. They then simulate the candidate
system in order to estimate the performance for some specific motion paths. This traditional
design process is illustrated in Figure 1.1.
The results of such traditional simulations reflect the combined effect of hardware and
algorithm choices, and only for select motion paths. While these simulations provide an
accurate estimate of the system performance and are a valuable step in the tracking system
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FIGURE 1.1. The traditional tracking system design process
design process, it is the choice and configuration of the source/sensor devices (i.e. the
hardware) before tracker algorithm selection, and irrespective of the motion paths, that
imposes an upper bound on performance. If the necessary information is not available
at a sufficient rate and quality throughout the desired working volume, the performance
is inherently limited in those areas. In effect the hardware device choices set an upper
bound on how well the system as a whole will perform and no estimation algorithm can or
should be expected to overcome suboptimal choices of devices, parameters, or geometric
arrangement.
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A major aspect of the work in this dissertation is a new hardware design optimization
approach to be used prior to the traditional techniques of simulation and prototyping. This
hardware design optimization serves to gain insight into the expected overall system per-
formance as a function of the hardware choices alone. Ideally, one would specify desired
performance goals throughout the working volume, and have a computer search the entire
solution space and present the optimal (i.e. minimal) design – a tracking “oracle”. However
for all but the most trivial systems the design space is so large as to render such a search
intractable, thus making automatic optimization impractical, if not impossible, except in
relatively restricted circumstances [74]. This oracle-like approach can be compared to a
class of problems known as the Art Gallery problems.
1.2. Problem Complexity
Victor Klee originally posed the problem of determining the minimum number of secu-
rity guards sufficient to cover the interior of an n-wall art gallery room [75]. Vasek Chvatal
used triangulation to prove that bn/3c guards are sometimes necessary and always sufficient
to cover a two dimensional polygon of n-vertices [26]. Ntafos extended the original Art
Gallery problem when he considered the problem of finding the minimal cover for guards
in a 2D grid [71]. He found this problem to be solvable in polynomial time. However, he
also found that the minimal guard coverage of a three-dimensional grid is NP-complete.
A solution for an NP-complete problem can be verified for correctness in polynomial time
but cannot be solved in polynomial-time so that every possible solution in a solution set
must be tested [28]. As posed by Ntafos, in both the 2D and 3D problems, each point in
the plane or volume must be visible by at least one guard without the occlusion by walls as
with the original art gallery problem.
If instead of guards, we consider cameras (Figure 1.2) or sensors in general, tracking
is an extension of the Art Gallery problem with the added complexity that multiple sensors
(guards) must have visibility to each point in the tracking volume in order to provide 6D
4
FIGURE 1.2. An Example Art Gallery
measurements. More generally, we need to “see” every point in a tracking volume without
interference and we need to see each point more than once because it takes multiple mea-
surements to solve for pose. This interference includes the aforementioned occlusion but
also includes parameters such as drift in inertial sensors and the effect of ferrous materials
on magnetic sensors. Interference can prevent signal reception between sources and sen-
sors or degrade it so that the signal is unusable, blinding the system (at least partially) to
the occluded points in the tracking volume.
1.3. Intelligence Amplification
Given the intractability of the “oracle” solution, we focus on amplifying human intu-
ition and experience in tracking design with a method and tool to be used in conjunction
with traditional design techniques and employing a human-in-the-loop approach to “aug-
ment the human intellect [beyond that of an] unaided human” [33]. This “intelligence
amplification” [6] should help tracking system designers understand the consequences of
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every hardware design specification and decision, their interdependencies and how one may
be balanced with another in order to achieve optimum performance [53].
An area where a similar type of intelligence amplification is already in use is com-
putational simulation, specifically computational fluid dynamics (CFD) and finite element
modeling (FEM). In CFD, fluid or air-flow visualizations make “invisible” information
“visible” as shown in Figure 1.3. Example FEM applications include simulation of elec-
tromagnetism, heat transfer, climate, atoms, traffic, and network systems [7]. While the
tracking domain discussed here is not CFD or FEM, it does fall into the broader category
of Computational Simulation (see Section 1.6.3). Computational simulation provides qual-
itative and quantitative insights into natural phenomena (typically from an area of science
or engineering) via mathematics and computer science to gain an improved understanding
of a problem.
FIGURE 1.3. Computed pressure contours on the body surface, a wing
cross-sectional plane and surface oil-flow patterns for a generic business
jet configuration (left) and an Blade Acoustic Pressures (right). Both visu-
alizations courtesy of NASA LaRC.
Similar to CFD and FEM, a hardware design optimization framework with meaningful
visualizations that made invisible sensor information visible throughout a working volume
(Figure 1.4) could help tracking system designers develop insights into the effects of their
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design choices. The articulation of such a framework and its exploration as an intelligence
amplification tool for tracker design is the primary result of this dissertation. In the follow-
ing sections I introduce the framework and its use for both system- and measurement-level
design optimization.
FIGURE 1.4. Two volume visualizations of the “flow” of acoustic sensor
information in the tracking domain
1.4. A Stochastic Framework for Tracking System Design Optimization
Along with many dimensions to the design space, there are many possible criteria for
performance of a tracking system. For example one might be concerned about resolu-
tion/precision, noise, static accuracy, or dynamic accuracy. In a 6D system one might be
more concerned about orientation than position, or visa-versa. See [53, 19, 4] for more
specific criteria and discussion of performance. Without presupposing a particular perfor-
mance metric, the framework for an intelligence amplification tool in the tracking domain
should meet several requirements:
(1) Accommodate currently-known device types and update rates;
(2) Accommodate different device arrangements (e.g., on user, in environment);
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(3) Accommodate and account for occlusion and interference (i.e. observability);
(4) Account for growing uncertainty due to expected user motion;
(5) Avoid path and algorithm-dependent analysis;
(6) Support designer interaction with the proposed design; and
(7) Calculate and effectively display estimated performance.
A few of these considerations bear further explanation. The term observability in the
third point refers to the amount of information provided by the devices. It is formally
described in Section 3.7.4, but it suffices to say here that different devices provide different
degrees and amounts of information depending on, for example, the distance and angle
between a source and sensor. The fourth point recognizes that the performance depends on
the rate of information from the devices, when compared to the expected user motion. The
notion of path and algorithm-dependent analysis in point five refers to the common practice
of simulating the results of a particular user motion “track” through space and time, using
a particular system design and tracking algorithm (see [101]).
After investigating many possible performance metrics, we decided on a stochastic ap-
proach based on the asymptotic variance (uncertainty) throughout the working volume.
This stochastic framework is attractive for many reasons, including meeting the above re-
quirements. In particular, as described in Section 3.3, any tracking system can be consid-
ered and described using state-space models. In addition, as described in Section 2.2, there
are relatively well-understood methods for estimating the asymptotic (a.k.a. steady-state)
performance of systems described in this form.
1.5. Hardware Information Optimization
Hardware device choices set an upper bound on tracking system performance and both
the device configuration and the devices themselves contribute to achieving the best possi-
ble performance. One of the primary benefits of a stochastic framework is that it enables a
designer to perform optimization of the hardware design at the system level independent of
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software algorithms and motion paths as described in Section 1.5.1. In addition, the param-
eters required as input to compute the system-level analysis can be evaluated and compared
for optimization of the hardware devices themselves as described in Section 1.5.2. This is
another contribution of the work presented in this dissertation.
Figure 1.5 shows the human-in-the-loop hardware design optimization process inserted
into the traditional design sequence. Notice that it occurs before algorithm selection (i.e.
it is algorithm-independent) and does not replace simulation and prototyping. Given de-
scriptions of hardware devices, the desired working volume, and a model for the expected
user motion, a tracking system designer can iterate through various system configurations
to produce a graphical depiction of the expected position and/or orientation uncertainty
throughout the working volume of any tracking system. In this way, a designer can explore
the variations between designs for a single tracking system. In addition, a designer can
compare the performance of multiple systems that may use completely different physical
mediums.
1.5.1. System-Level Optimization. The fundamental metric computed in the stochastic
framework for hardware design optimization is steady-state covariance, P∞. It can be cal-
culated before either real or simulated system measurements are available. P∞ is defined
as





where x¯ and xˆ represent the true and estimated states (position and/or rotation, for example)
and E denotes statistical expectation.
An example of P∞ analysis for an acoustic tracking system is illustrated in Figure 1.4.
The red spheres at the top of the visualization represent four speakers and performance is
better (darker) near the transmitters (speakers) and towards the center of the volume where
the four acoustic sensor ranges overlap and declines (lighter) in the downward direction.
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FIGURE 1.5. Hardware Optimization (in red) integrated into the traditional
tracking system design process
Once a system has been defined and analyzed, one can alter or interact with a candidate
hardware system, varying the types and configurations of devices and graphically visualiz-
ing the corresponding effects on the system performance. From this interaction, designers
gain insight into particular design choices, as well as the relative effects of variations be-
tween candidate designs, independent of the tracking algorithm chosen for the real system
and specific motion paths.
1.5.2. Measurement-Level Optimization. In addition to computing the fundamental met-
ric (P∞) for system-level performance evaluation, the elemental building blocks of this sto-
chastic framework (descriptions of hardware devices and a model for the expected user
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motion) can be used for analysis of measurement devices. For some types of measure-
ments, the quality may increase with sampling duration (i.e., averaging or correlation) but
during this sampling time, a tracked target may be moving. So while the system is waiting
to acquire improved measurements, it is unable to observe to the movement of the tracked
target in discrete steps and may ironically see increased noise in the measurement due to
the motion of the target. By examining the relationship between user motion and measure-
ment behavior over time, the optimal balance between these opposing system elements can
be determined. This measurement-level analysis is presented in Section 6.2 and is applied
to a working tracking system in Section 7.3.
1.6. This Dissertation
1.6.1. Thesis Statement. Characterization of a human motion tracking system in a state-
space stochastic form offers new opportunities to optimize the hardware design, indepen-
dent of the estimation algorithm used in the actual system. One can employ closed-form
steady-state analysis to explore and compare the expected overall performance correspond-
ing to different hardware configurations. Further, one can determine the optimal sensor
sampling time to maximize the filtering of random measurement noise while minimizing the
impact of intra-measurement target motion.
1.6.2. Contributions.
• Establish that the stochastic framework (Chapter 3) enables complimentary system-
and measurement-level hardware information optimization, independent of algo-
rithm and motion paths;
– The system-level analysis (Section 1.5.1) provides human-in-the-loop intelli-
gence amplification for optimization of aggregate hardware information against
expected user motion;
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– The measurement-level analysis (Section 1.5.2) provides a method for opti-
mization of individual measurement information against expected user mo-
tion;
• Mapping of the stochastic framework to a software architecture and prototype
(Chapter 4).
• Experimental evaluation (Chapter 5) in support of verification of system-level
steady-state analysis of tracking system hardware design.
• Theoretical analysis (Chapter 6) aimed at supporting the validity of both the system-
and measurement-level optimization methods;
• Application of both the system- and measurement-level optimization methods to
a working system (Chapter 7);
– The conclusions reached in the case study analysis could improve the already
high performance of the HiBall tracking system;
– The conclusions reached in the case study analysis enable reduction of the
infrastructure of the HiBall tracking system;
1.6.3. Computational Simulation. The American Institute of Aeronautics and Astronau-
tics (AIAA) Guide for the Verification and Validation (V&V) of Computational Fluid Dy-
namics Simulations [2] provides a means for assessing the credibility of modeling and
simulation in computational fluid dynamics. This research will be presented within this
context and will borrow from its widely-accepted vernacular. The main principles neces-
sary for assessing the credibility of modeling and simulation are qualification, verification
and validation. As defined by the AIAA, qualification is the determination of adequacy
of the conceptual model to provide an acceptable level of agreement for the intended do-
main application. Verification is the process of determining that a model implementation
accurately represents the conceptual description and specification. Validation is the pro-
cess of determining the degree to which a model is an accurate representation of the real
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world. In short, verification deals with mathematics and validation deals with physics (i.e.,
the physical world). Both qualification and validation attempt to establish the representa-
tional fidelity of the conceptual (qualification) and computation (validation) models to the
physical system and so qualification may be considered another form of validation [67].
Therefore, instead of QV&V, most of the literature speaks to V&V where validation may
mean either conceptual or computation validation. Once a system has attained a level of
validation, it can be used for prediction, the use of a computational model to foretell the
state of a system under conditions for which it has not been validated [2]. Prediction is
an inference based on validation evidence. Examples of the predictive capability of the
framework will also be presented.
1.6.4. Nomenclature. Throughout this thesis I use lower-case variables with over-bars,
hats or tildes (x, xˆ, x˜ for example) to denote a vector, and upper-case variables to denote
matrices. I use the term designer or user to refer to the engineer or researcher evaluat-
ing the system, and the term target to refer to the object being tracked. Example targets
include a sensor on a person’s head, a retroreflective sphere on a joint or limb, and poten-
tial 3D surface points that one wants to reconstruct using cameras and image/vision-based
techniques.
I use a simple acoustic 3D position-tracking system to provide a concrete basis for
discussion. This system is depicted in Figure 1.6, and a corresponding visualization of the
estimated performance from one possible set of descriptive system parameters is shown
in Figure 1.4. There are four speakers permanently mounted in the upper corners, and a
microphone mounted on the moving tracking target (or user). The curve in the middle
represents an example target motion path through the 3D space over time, and the point
x¯(t) ∈ℜ3 represents the 3D position or state of the target at time t.
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FIGURE 1.6. A simple acoustic 3D position tracker example.
1.6.5. Structure of this Dissertation. In Figure 1.7, the AIAA QV&Vmodel is presented
on the left and a mapping to the structure of this thesis is shown on the right.
FIGURE 1.7. Phases of Modeling and Simulation: Qualification, Verifica-
tion and Validation (QV&V) [2]
I begin with related research in Chapter 2 highlighting how tracking system perfor-
mance has been analyzed and reported in the past. Chapters 3 through 7 map to the AIAA
V&V process. In Chapter 3, I describe the conceptual model in terms of the specific math-
ematical framework used to quantify the uncertainty corresponding to a candidate design.
The use of asymptotic analysis for performance estimation is a well-studied and accepted
method for characterizing the performance of a tracking sensor system [42] [18] and so
I will speak specifically to domain qualification (human motion) for the presented frame-
work. In Chapter 4, I describe Artemis, the software tool developed to implement this
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framework and visualize the resulting performance estimate. Typically, scientists and en-
gineers speak to verification before validation. However, I will present validation before
verification in order to better provide an understanding of what steady-state analysis does
and a context for verification. In Chapter 5, I present experiments aimed at validating the
use of asymptotic estimates and visualizations, and concrete examples of the approach used
to evaluate systems. After presenting the validation results, I address the importance of ac-
curate modeling parameters in Chapter 6 and apply the techniques from this chapter in a
case study (Chapter 7) and predict the behavior of modified tracking systems. In Chapter 8,




2.1. Tracking System Performance Analysis
Tracking and motion capture for interactive computer graphics have been explored for
over 35 years [94, 70, 9, 66, 104] by both commercial and academic researchers who have
utilized mechanical, magnetic, acoustic, inertial, and optical technologies. For example,
commercial magnetic tracking systems from Ascension and Polhemus have enjoyed pop-
ularity as a result of a small user-worn component, relative ease of use, and robustness
for many applications. Optical systems include the HiBall-3000TM system by 3rdTech, the
FlashPointTM and PixsysTM systems by Image Guided Technologies, and the laserBIRDTM
system by Ascension Technology. Foxlin et al. at Intersense in particular have had suc-
cess developing hybrid systems that combine inertia measurements with acoustic signals
[37, 38, 40], and with passive optical signals [37]. Similarly, optical systems for 3D motion
capture have a long history, having been explored for over 30 years [107]. Today, compa-
nies like Vicon, Motion Analysis, and Ascension make turn-key optical systems that are
used in human and animal motion analysis and industrial applications. Much work has also
been done on vision-based approaches to motion capture [68].
Despite this long history of research and the availability of commercial systems, the
tracking community faces two challenges with respect to performance analysis. The first
is performance prediction and the second is performance assessment. While this research
focuses on the former, the types of metrics used for performance assessment during the test
phase of tracking system design are germane.
The U.S. Army Research Laboratorys Army Research Office (ARO) stated in a 2005
BAA [95] that “there are no effective methods for predicting the performance of an Image
Analysis and Processing system, given the input signal or parameters of the scene such
as time of day or nature of clutter”. This extends to broader category of tracking systems
where, instead of or in addition to parameters such as time of day or nature of clutter, we
speak of camera placement, field-of-view, occlusion, diffraction, multipath, etc. With or
without these “effective methods”, tracking system researchers and commercial developers
must analyze their systems and offer some measure of performance.
Since tracking systems often exhibit non-uniform performance over space, the com-
mon practice of using a single set of statistics to specify a system’s global performance is
inadequate and potentially misleading [39]. The engineers at Northern Digital, Inc. (NDI)
contend that typical assessments are not likely to accurately reflect performance in most
users’ intended environments and that a tool is needed to enable users to sample perfor-
mance throughout regions of the tracking volume. To this end, NDI provides an Accuracy
Assessment Kit to test the accuracy of PolarisTM positions sensors in the field. While such
tool is useful to the end-user and is a step in the right direction for analysis and assess-
ment of tracking system performance, this tool is specific to a single tracking technology,
algorithm and medium.
Whether predicted or assessed, performance measures vary not only in magnitude (one
system is twice as accurate as another, for example) but also in modality (accuracy vs.
precision metrics, for example). The ultrasonic Lincoln Wand [83] (1966) claims a posi-
tional resolution of 0.02 inches and absolute accuracy of 0.2 inches. In 1974, Burton and
Sutherland reported accuracy of 7.3 mm for their optical position tracker, Twinkle Box
[20]. The laser-based Minnesota Scanner [88] reported accuracy of 0.04 inches RMS and
0.034 in tangential resolution in 1989. In 1999, Welch reported estimation errors of 0.2
mm at 1.9 meters and 0.5 mm at a height of approximately 1 meter for nearly all of the
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working volume of the HiBall optical tracking system [103]. Polhemus advertises accu-
racy and resolution of 0.03 inches RMS and 0.0002 inches per inch [78], respectively for
its FASTRAKTM electromagnetic tracking system. With the exception of the Constellation
tracking system [38] in Figure 2.1, published literature about the performance of tracking
systems from the first acoustic system [83] through today, typically reports performance
metrics in terms of a handful of statistics that may or may not characterize the complete
system performance nor permit direct comparison between tracking systems.
FIGURE 2.1. Example of visualized error in the Constellation tracker [38]
While there has been interest in the design, performance and visualization of sensor
systems, historically this interest and subsequent research has focused on specific imple-
mentations and not with an eye towards the general. Further, these tools and approaches
may provide analysis for a “point design” (i.e., a specific system with a specific target for
a specific application) and not support interactive exploration of the design space. The fol-
lowing sections survey both predictive and assessment methods and metrics and categorizes
them in terms of qualitative vs. quantitative and interactive vs. non-interactive techniques.
Qualitative analysis has proven useful and there are many examples of successful applica-
tions (see Section 2.2 and Section 2.3). However, if a certain performance level is required
for an error-intolerant application, a quantitative analysis is imperative (see Section 2.4 and
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Section 2.5). Further, some systems also consider the type of motion to be tracked (see Sec-
tion 2.6). Within each of these sections, prediction and assessment (or some variant) will
be used to distinguish between analyses that provide predictive performance estimates and
those that provide performance measurements of an existing tracking system, respectively.
2.2. Qualitative Performance Analysis
Laerhoven et al. [57] instrumented a wearable harness with thirty accelerometers to
assess whether system performance improves with the addition of sensors. The authors
defined performance as the system’s context-awareness algorithm’s ability to distinguish
between twenty defined contexts such as walking, standing, running, in a meeting, etc. Fig-
ure 2.2 shows the output stream from the thirty accelerometer configuration while walking
and the performance metric of context distinction (i.e., the ability to successfully discern
the correct context) as the number of possible contexts are increased from 1 to 20. Note that
the number of sensors increases as expected from right to left on the left axis (# sensors) but
that the number of contexts decreases from left to right on the right axis (# contexts). The
system performs better per this qualitative metric given the greatest number of available
sensors and the fewest number of contexts from which to select (the back corner of the plot
where the z-axis value is highest and largest).
Hollerer et al. [43] qualitatively assessed the accuracy of magnetic and inertial tracking
systems in indoor environments by tracking users traveling along a known path (an outer
hallway of their research building) and plotting the tracked path on the floor plan of the re-
search building. The loop in the path on the left edge of the left image in Figure 2.3 shows
the most dramatic effect of magnetic distortion from a nearby magnetic resonance imaging
(MRI) device (two floors directly above) on the performance of the magnetic tracking sys-
tem and the effect of “drift” on the performance of the inertial device is shown on the right.
The arrows on both the left and right plots show the start and direction of the traveled track.
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FIGURE 2.2. Accelerometer output while walking (top) and context detec-
tion performance (bottom) [57]. The vertical axis label on the bottom plot
was added for clarification.
2.3. Qualitative Performance Analysis with Interaction
An example of an effective interactive, qualitative analysis tool is Pandora [89], a soft-
ware simulator for multiple camera placement within a pre-modeled 3D environment. Pan-
dora provides human-in-the-loop interaction enabling a user to move and point the available
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FIGURE 2.3. Tracking performance of magnetic (left) and inertial (right)
systems [43]
cameras at will to predict system performance. It provides a realtime visualization of the
mapping of camera pixels to a targeted surface for a qualitative assessment of performance
as shown in Figure 2.4. With this tool, a user can locate occluded areas or, for example,
determine whether the areas of interest are covered by two cameras for stereo. Further, in
terms of available information, four cameras is qualitatively better than three is better than
two is better than one or none. A particularly useful output of Pandora are the calibration
matrices for the cameras in the scene which can be used as input for further analysis.
FIGURE 2.4. The Pandora Interactive Camera Placement and Visibility
Simulator [89]
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2.4. Quantitative Performance Analysis
In an environment like telesurgery, it may not be sufficient to know that the tracking
system configuration in use is the best possible one. Instead, numerical performance met-
rics are mandatory to show that the tracking system performance requirements are being
met. Due in part to applications of this kind, methods and tools for camera placement for
vision-tracking are a popular topic for both performance prediction and assessment.
Davis et al. proposed a method for designing marker-based tracking probes [30] and
for predicting accuracy in pose estimation of these same type systems [29]. Using their
“Viewpoints Algorithm” and a first-order error propagation to apply the errors from indi-
vidual markers to overall pose estimation, an optical system using fiducials can be designed
and analyzed but this approach does not extend beyond this context.
In 2000, Fleishman et al. [36] presented a predictive, automatic camera placement for
image-based modeling from scenes with known geometry. Beginning with a large database
of potential camera positions, they present a visibility algorithm to produce a minimal
subset of camera positions that covers every visible polygon in a scene. This work draws
heavily from the work presented by McMillan and Bishop [65], specifically the plenoptic
function which describes all of the image information visitable from a particular viewing
position.
Okansen [73] and Ailisto [3] both presented methods for vision-systems using Computer-
Aided Design (CAD) models. Ailisto developed a Measurement Model Design (MMD)
Tool for CAD-based graphic measurement predictive planning for range-finder-based 3D
coordinate measurements. It builds a “measurement model” from the available sensors
and points or features to be measured for video digitization. Okansen extended this re-
search into photogrammetry (as shown in Figure 2.5) and developed a simulator using
least-squares to build a variance-covariance matrix to visualize error ellipses and ellipsoids
of error.
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FIGURE 2.5. Example of visualized mean radial spherical errors [73]
Olague [74] addresses the problem of minimizing error in 3D measurements for pre-
dicting optimal camera placement for accurate reconstruction. A criterion using the maxi-
mum eigenvalue of a computed covariance matrix is established and a global optimization
process employing genetic algorithms is applied to minimize this criterion. While this
approach is similar to the one presented here, it is specific to camera network design.
Livingston and State [62] created a noise metric for use in magnetic tracker calibra-
tion assessment for augmented reality applications within a defined working volume. After
collecting sample data from both Ascension Technology’s Flock of Birds magnetic track-
ing system and Faro Metrecom’s IND-1 mechanical Faro arm, they defined error metrics
in terms of the local coordinate systems of the two tracking systems. For both position
and orientation, the difference in either distance or quaternion angles (respectively) was
calculated for multiple readings at each sample point. In both cases, the length of the di-
agonal of a bounding box around the plotted errors is the noise metric. In a coincident
publication, Livingston [61] presented four methods for the visualization of rotation fields
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resulting from the calibration of the Flock of Birds magnetic tracking system as described
above. Animated axis stream surfaces and axis streamlines were shown to be the best for
highlighting heterogeneity in the rotation field and areas of large tracker error, respectively.
Figure 2.6 shows position error (left) and rotation error using the axis stream surface visu-
alization technique (right).
FIGURE 2.6. Visualizations of position [62] and rotation [61] error from
calibration of Ascension’s Flock of Birds for use in Augmented Reality en-
vironments
2.5. Quantitative Performance Analysis with Interaction
A tool developed for real-time prediction and visualization of acoustic sound fields [55]
was applied to the design of the Center for NewMusic and Audio Technologies (CNMAT).
Real-time interaction with proposed design elements such as shape of the room, position
and orientation of the sound sources, microphones and audience seating aided sound en-
gineers in tradeoff studies for the varied uses of the theater. Example visualizations of
acoustic field behavior are shown in Figure 2.7.
Using an accepted measure of acoustic clarity (C80) as a metric, Stettner and Green-
berg [91] proposed a method to predict the spatial distortion of sound using specular and
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FIGURE 2.7. Organ pipe sources with performer and audience cut planes
(left) and time delay isosurface (right) [55]
diffuse ray–tracing along with Monte Carlo techniques to generate visualizations of acous-
tic simulation. C80 (measured in decibels) is defined as the logarithmic ratio of the early
arriving sound energy from 0 ms to 80 ms divided by the late sound energy arriving after
80 ms. Figure 2.8 shows a visualization of simulated sound clarity in (from left to right)
fan-shaped, box-shaped and reverse-fan-shaped concert halls. The reverse fan-shape (right)
has the best C80 values and the least variation in those values of the three possible concert
hall shapes.
More recently, Pulkki [80] introduced Vector Base Amplitude Planning (VBAP) to
create two- and three-dimensional sounds fields into which any number of virtual sound
sources can be inserted interactively for predictive planning. A digital simulator that im-
plements this method for up to eight loudspeakers was also developed.
2.6. Performance Analysis with User Motion
Incorporation of user motion into the analysis of tracking system performance could
be the difference between an accurate simulation of performance and not. Systems that
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FIGURE 2.8. Sound Clarity in (from left to right) fan-shaped, box-shaped
and reverse-fan-shaped concert halls [91]
work well in dynamic environments may not perform as effectively in static environments
and vice versa. Research in the area of acoustic system performance is typically specific to
quantitative acoustic behavior (as opposed to a measure of system performance quality) but
must take into account the inherently dynamic environment of a concert hall for example.
Godot [97] is a predictive software system for room acoustics design. Sound beams are
traced as they traverse a polygonal model of a room and linear least-squares prediction is
used to determine the coefficients of a digital filter that matches the frequency response of
each acoustic path. From this an audible simulation of the proposed acoustic design can be
generated. Unlike many point-design analysis tools, Godot II [98] accommodates moving
objects (i.e. people) in a room.
Chen [24] describes the design and application of M-Track, a scalable resource alloca-
tion tool for the design of tracking systems using tens-of-cameras and considers user mo-
tion. Using an extended Kalman Filter, asynchronous information from camera-processor
pairs is integrated and coupled with a quantitative uncertainty metric for evaluating the pre-
dicted tracking performance of a multi-camera setup. Of particular interest is the fact that
this metric (see Figure 2.9) considers both the camera parameters and the likelihood of tar-
get occlusion due to user motion. For dynamic occlusion (blocked visibility from a camera
due to occlusion by the moving target in the scene), occluder positions and orientations are
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drawn from a probability distribution function. While M-Track does accommodate hetero-
geneous cameras (different frame rates, focal lengths, etc.), it is limited to the analysis of
camera-based systems in determining optimal configurations.
FIGURE 2.9. Example of error (3D uncertainty) vs. number of cameras
surrounding a sphere with and without occlusion [24]
2.7. Intelligence Amplification and Augmentation
Whether an analysis is qualitative, quantitative, interactive or sensitive to user motion,
the goal is a common one. All calculate and communicate information hidden from the un-
aided human. In his classic 1956 paper “Design for an Intelligence-Amplifier” [6], Ashby
presented a possibility proof of a machine that would solve problems its creators were inca-
pable of solving. In his 1962 report [33], Engelbart presented a conceptual framework for
“augmenting human intellect”. This framework for increased intellectual capacity aimed
to gain comprehension in previously overly-complex problems in order to find better solu-
tions to seemingly insoluble problems faster. In both cases, the objective is not to increase
native intelligence, but to augment the human being with means for organizing experience
and solving problems so that an intelligent system results in which the human being is the
central component [87]. The fundamental difference between Ashby’s intelligence ampli-
fication and Engelhart’s intelligence augmentation is that Ashby’s intelligence-amplifier
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was conceived of as a stand-alone system like the steam engine while Engelhart’s intel-
ligence augmentation concept presents a system made up of a human and the means for
augmenting human intellect such as Vannevar Bush’s memex [21], a hypertext workstation
that analyzes, categorizes and presents information in a comprehensive way.
Ouh-Young et al. [76] present an “intelligence augmentation man-machine system”
for force display in molecular docking to assist scientists already skilled at identifying
the patterns, shapes, and packing of molecules. Their manipulator allows for six-DOF
manipulation and generates force output to aid biochemists in molecular docking problems.
Biocca [11] asserts that avatar representation of body image in virtual environments is
a form of intelligence augmentation and that this embodiment is a critical component in
the advancement of virtual reality systems [10]. Intelligence augmentation is a popular
goal in the research area of wearable computing where the sensors for a real-time clock
and calendar, the exact room temperature, or CO-level might be fused into a multi-sensor
network [57]. Given the intractability of the tracking “oracle” (see Section 1.2), intelligence
augmentation is also a goal of the approach presented here.
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CHAPTER 3
Conceptual Model: Stochastic Framework
The highlighted portion of Figure 3.1 (outlined and in red) indicates where this chapter
falls in in the QV&V process. Here we map the problem domain (evaluation of human
tracking systems) to the proposed stochastic representation.
FIGURE 3.1. The Qualification Process
3.1. Statistical Uncertainty
There are many possible quantitative metrics for tracking performance estimation. For
example one might be concerned about resolution or precision, noise, static accuracy, dy-
namic accuracy, latency, or some combination. See [4, 19, 53] for more examples and
general discussion of performance. The fundamental metric computed in the optimization
framework developed in this thesis is statistical uncertainty. More specifically, this is a
stochastic estimate of the asymptotic or steady-state error covariance (P∞) throughout the
working volume.
3.2. Steady-state covariance
Consider the example acoustic 3D position tracking system. At a representative set of
3D points {x¯1, x¯2, . . . , x¯p} throughout the working volume we can estimate and graphically
depict the steady-state error covariance (P∞)





where x¯i and xˆi represent the true and estimated states (respectively) at point i, and E
denotes statistical expectation. Note that the method does not attempt to estimate x¯i, xˆi
or the residual x˜i where x˜i = x¯i− xˆi which would require measurements. Instead, P∞ is
estimated directly from state-space model of the system and stochastic estimates of the
various noise sources.
3.3. State-Space Models
To estimate the statistical uncertainty (i.e. steady-state error covariance) of the state, we
begin by mathematically describing the expected target motion and the measurements using
state-space models. State-space models are essentially a notational convenience for esti-
mation and control problems, developed to make what would otherwise be a notationally-
intractable analysis tractable [52, 4] by representing the variables (inputs, outputs and
states) as vectors and the differential and algebraic equations (dynamics) as matrices.
3.3.1. The State Variables. The internal state variables (aka the state) are the smallest
possible subset of system variables that can represent the entire state of the system at any
given time. In the case of tracking, the state typically represents the user pose and (if
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needed) pose derivatives. For example, a 3D-pose (x¯) as described above that includes
position without derivatives is shown in Equation (3).
(3) x¯= [x y z]T
A 6D-pose that includes both position and orientation without derivatives is
(4) x¯= [x y z φ θ ψ]T
where φ , θ and ψ are roll, pitch and yaw euler angles (rotation around the x-, y- and z-axis)
respectively. Other rotation angle representations (such as quaternions) can also be used.
An important factor in determining the appropriate state variables is the type of motion
expected in the tracking environment. These motion models (Section 3.3.2), along with
the measurement systems (Section 3.3.3) themselves, influence whether the state should
include derivative measurements and, if so, what derivative order.
3.3.2. Motion Models. Traditionally, motion model types are described in terms of the
physical parameter that is constant or uniform over time. The types of constant or uniform
motions of interest [23] are constant position (CP), constant velocity (CV) and constant
acceleration (CA) which display zero velocity, acceleration and jerk, respectively, as illus-
trated in Figure 3.2.
In stochastic estimation, noise is injected into the process in place of the “zero” term
so that, in the case of constant velocity motion, for example, acceleration is not zero but
is instead normally-distributed random noise. Thus, position would instead be modeled as
x = x0+ vt, where v =
∫
a, and a ∼ N(0,q). This is a Position-Velocity Motion Model.
The state variables for a position only tracker with a PV motion-model (i.e. includes first
derivatives) is shown in Equation (5).
31
FIGURE 3.2. Traditional Motion Models
(5) x¯=
[
x y z x˙ y˙ z˙
]T
Position (P), Position-Velocity (PV) and Position-Velocity-Acceleration (PVA)motion mod-
els map to the traditional constant position, velocity and acceleration models, respectively.
Table 3.1 shows the process of noise integration through to 1D position for each of the three
stochastic motion models.
TABLE 3.1. Stochastic Motion Models
N(0,q)→ ∫ → x(t) N(0,q)→ ∫ → ∫ → x(t) N(0,q)→ ∫ → ∫ → ∫ → x(t)
Position (P) Position-Velocity (PV) Position-Velocity-Acceleration (PVA)
These integration processes apply to 3D position, 3D orientation plus 6D position and
orientation state spaces. In all cases, integration is over some time interval, δ t, as described
in Section 3.3.
Each stochastic motion model corresponds to some actual target motion. For exam-
ple, P-motion might be an appropriate choice for surgical environments where the surgeon
moves slowly and methodically and perhaps not at all over some δ t. In this case, the pose
estimate uncertainty over δ t is small as we expect little change between observations and
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position is modeled as a random walk. PV motion is typical of most larger-scale environ-
ments in which a human target is walking or moving at a normal pace (i.e. not running
or quickly changing direction) and velocity is modeled as a random walk. PVA motion
is rapid and dynamic with sudden changes in speed and direction as one might observe in
dancing, jumping or high-energy sports such as baseball (swinging a bat) or boxing (throw-
ing punches). In this case, acceleration is modeled as a random walk and the uncertainty
in pose between observations (over δ t) is high. It is possible (even probable) that a sin-
gle motion type will not completely describe any single given activity over a non-trivial
time duration. For example, a person might switch from PV-motion to P-motion if s/he
stops to observe an object or activity in a virtual environment after crossing a room for
a closer look. PVA-motion in humans is not maintainable over any significant length of
time and can be thought of as short, even instantaneous, bursts of energy. P-motion is per-
haps the easiest of the three motion model types to imagine while PV- and PVA-motion are
more difficult. While not intended to serve as a rigorous proof, the following discussion
should provide intuition about the different types of motion models, specifically PV- and
PVA-motion models.
Carnegie Mellon University’s (CMU) Graphics Lab Motion Capture Database offers
over 2600 motion trials in many categories from common behaviors such as typing on a
laptop (an example of P-motion) to more dynamic activities, including sports. Trial 13
for Subject 15 [22] contains approximately 78 seconds of shadow boxing motion capture
data at 120 frames per second (fps) using only the right-hand to punch initially and then
switching to the left-hand alone. For approximately the first 50 seconds, right-hand punches
are thrown and for the remaining 38 seconds left-hand punches are thrown. A video of the
motion capture trial (30 fps) can be found at the CMU site [22] and still frames for a
portion of the video are captured in Appendix B for reference. The video frame numbers
(1273 through 1632) approximately correspond to seconds 42 through 54.
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Figure 3.3 shows the y-axis position as captured along with the calculated velocity, ac-
celeration and jerk data for the boxer’s right hand during the entire trial. The apices of the
final four right-hand punches can be observed in frames 1290, 1340, 1430 and 1480. All
four graphs in Figure 3.3 are repeated in Appendix A on a larger scale and with annotation.
For readability and proximity, the annotations are not included in Figure 3.3. The boxer
throws 28 punches as marked in Appendix A and these punches are dynamic, sometimes
covering as much as 50 inches from start to finish as the boxer moves forward and back-
ward with his punches. To the right of the dashed line marked “Transition to left-hand
punches” the position data becomes much less dynamic as the right hand is being held up
in a defensive stance as the boxer bobs and weaves, punching with his left hand. By taking
derivatives of this data, we can observe PVA-motion in the boxer’s right hand when the
boxer is throwing punches with his right hand and and PV-motion when he punches with
his left hand.
The first derivative (velocity) reveals observable signal content in both the right-hand
and left-hand portions of the data. If we were observing P-motion, we would expect to
see random noise as the velocity input into the noise model. The second derivative (ac-
celeration) is beginning to look more like random noise but we observe signal content in
the right-hand section (left side) of the data. The data to the right of the right-to-left-hand
transition, however, contains little to no observable content suggesting that right hand mo-
tion while punching with the left hand could successfully be modeled as PV-motion. It
is also possible (even likely) that the motion of the right hand between punches could be
successfully modeled as PV-motion. However, we still observe signal content during the
boxer’s punches. The third and final derivative (jerk) reveals a signal that appears to be
indistinguishable from a noise prior to the transition mark, suggesting that the punches in
right-punching phase of the shadow boxing trial could be modeled successfully as PVA-
motion.
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FIGURE 3.3. Boxing Motion Capture right hand y-axis data (from top to
bottom) position, velocity, acceleration and jerk
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3.3.3. Measurement Systems. Themeasurement system is the collection of sources and/or
sensors used to observe the human in motion. Examples of commercial and research sys-
tems that utilize these mediums are listed in Section 2.1 and can be classified in terms
of employed medium(s), geometry, etc. The five physical mediums employed in tracking
measurement systems are mechanical, magnetic, acoustic, inertial and optical. Beyond the
physical medium, measurement systems can be described as inside-looking-out or outside-
looking-in (sensors on the user versus sensors in the environment). System measurements
can be absolute or relative (at a specific time or a change from the previous estimate), de-
rivative measurements, instantaneous or averaged over time. The system can be active or
passive; linear or non-linear. The geometric arrangement of the source/sensor devices is
another facet of the measurement system. Each measurement system will have a unique set
of parameters that calibrate and map its measurements to the mathematical framework.
3.3.4. System Dynamics. The state variables and measurements are related by a pair of
differential or difference equations. One equation moves the state over time and the other
maps the measurements to the state space. These two first-order stochastic equations de-
scribe the system dynamics as shown in Figure 3.4 where, for tracking systems, the input
vectors (Cu¯k and Du¯k) are zero (i.e. input elements u¯1 = u¯2 = ... = u¯n = 0 so there is no
controllable input), z¯ is an m-length vector of available measurements from devices such
as accelerometers, gyroscopes, cameras, etc. and w¯ and v¯ are white, normally-distributed,
random noise with zero-mean.
The top equation in Figure 3.4 is the process model and the bottom equation is the mea-
surement model. These two equations serve in some form as the basis for most stochastic
estimation methods. Both models are composed of a deterministic component (matrices A
and H) and a random component (w¯ and v¯).
From Figure 3.4 , the vector state-space notation that describes the change in a state x¯
over time is shown in Equation (6).
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FIGURE 3.4. Block diagram of a linear stochastic dynamic system in dis-
crete time (based on a Figure in [42]). Both u¯k vectors are zeroed because
there is no controllable input.
(6) xˆk+1 = Axˆk+ w¯k
where w¯ ∼ N(0,Q). The corresponding (continuous-time) differential equation can be
modeled as shown in Equation (7).
(7) x˙(t) = Acx(t)+qc(t)
where A and Ac are n× n discrete- and continuous-time state transition matrices, respec-
tively.
The measurement system is described by an equation that maps measurement-space to
state-space. It is common to model the m-dimensional device measurements z¯ at discrete
time k as
(8) z¯k = Hxˆk+ v¯k
37
where H is an m× n matrix relating the n-dimensional state to the m-dimensional mea-
surements, and v¯ (like w¯) represents zero-mean, white measurement noise, presumed to be
uncorrelated with w¯.
In practice the actual noise signals w¯ and v¯ are not known or estimated as part of a




then estimate the process and measurement noise covariances Q and R of the presumed
normal distributions w¯∼ N(0,Q) and v¯∼ N(0,R), and use those covariances to weight the
measurements and to estimate the state uncertainty. It is the deterministic parameters, A
and H, and the random parameters, Q and R, that the designer must specify to perform a
steady-state analysis.
3.4. Non-Linear State-Space Models
In cases where the process and/or measurement models are non-linear, equations (9)
and (10) would be written as shown in Equation (11) and Equation (12).
xˆ(t) = f (xˆ(t−δ t))(11)
zˆ(t) = h(xˆ(t))(12)
These non-linear functions can be linearized about the point of interest x¯ in the state space.
















and use them in place of their corresponding matrices in equations (9) and (10). While such
linearizations can lead to sub-optimal results (Section 6.1.1), they provide a computation-
ally efficient means for estimation, and in most cases should offer a reasonable basis for
comparison of steady-state results. For linear models, the designer would write functions
that implement A and H (linear functions in matrix form) from equations (9) and (10). For
non-linear models, the designer would instead write functions that implement the respective
Jacobians from equations (13) and (14). Note that the Jacobians resulting from equations
(13) and (14) will also be correct for linear models as well, resulting in equations 9) and
(10. An alternative to the non-linear (aka Extended) Jacobian equations is the Unscented
filter approach [48].
3.4.1. Process Model. In the discrete-time process model described by Equation (6), the
state transition matrix A moves the target’s state forward over some interval of time, δ t.
The term Ax¯ models the deterministic portion of the process, while the term w¯ and corre-
sponding covariance Q model the random portion of the target’s motion.
To start, let’s examine a simple 1D position tracking system with derivatives such that
the state is defined as x¯ = [x x˙]T . To move the estimated state vector xˆk forward in time
δ t, the new position xˆk+1 is a function of the previous value xˆk, the corresponding velocity
element ˆ˙kx, and the time δ t since the last update as shown in Equation (15). The velocity
element ( ˆ˙x) does not change as shown in Equation (16).
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xˆk+1 = xˆk+ ˆ˙xkδ t(15)
ˆ˙xk+1 = ˆ˙x(16)





where A is the deterministic portion of the discrete-time process model given in Equa-
tion (9).
It is in determining the random component (Q) of the process model that Equation (7)
becomes important. The discrete-time (sampled) Q is a function of the continuous-time







as described in [42]. The continuous-time process noise is an n× 1 vector such that qc =
[0, ...,0,N(0,q)]T with corresponding n×n noise covariance matrix Qc = E{qc,qTc }.








For completeness, Table 3.2 shows the continuous-time process parameters correspond-
ing to P, PV and PVA motion models [99].
Using Equation (17), the discrete time Q matrices for a 1D position tracker for the motion-
models in Table 3.1 are shown in Equations (18), (19) and (20).
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TABLE 3.2. Parameters for P, PV, and PVA Motion Models
Model x¯ Ac Qc














  0 1 00 0 1
0 0 0
  0 0 00 0 0
0 0 q

QP = [q(δ t)] ,(18)
QPV =



























Here we use the acoustic tracker example to provide a more concrete notion of the
process model parameters A andQ. A 6D state x¯ includes the target position and derivatives
(velocities) of the target. The six-element state is shown in Equation (21).
(21) x¯=
[
x y z x˙ y˙ z˙
]T
To move the single element x of the state vector x¯ forward over time δ t one would compute
the new position x as a function of the previous value x(t−δ t), the corresponding velocity
element x˙, and the time δ t since the last update: x(t) = x(t−δ t)+ x˙(t−δ t)δ t. The com-





1 0 0 δ t 0 0
0 1 0 0 δ t 0
0 0 1 0 0 δ t
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

Now consider the random component of the process given by Equation (6). The pro-
cess noise w¯ is presumed to be a normally-distributed, zero-mean, spectrally white random
variable with probability distribution w¯∼ N(0,Q).
If we assume the process noise is shaped by the same system of integrators represented
by Equation (22), then the covariance Q can be described as








Q[ j, j] = qδ t(25)
for each pair (i, j) ∈ {(1,4),(2,5),(3,6)} and some noise magnitude q. The above deriva-
tion of Q can be found in [18], and discussion about choosing q can be found in [102].
It is worth noting here that while one might imagine the need for many different process
(target motion) models, experience indicates that the above position-velocity model is a
reasonable match for the average human motion. If one expected the target to be primarily
still, one might want to eliminate the velocity states in x¯. Similarly if one expected the
target to undergo coherent accelerations, one could add acceleration states. For more about
motion types (P, PV, PVA), see Section 3.3.2.
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3.4.2. Measurement Model. In the measurement model described by Equation (8) the
measurement matrix H determines the relationship between the state and the measure-
ments. Each type of device (combination sensor and/or source) will likely require a dif-
ferent measurement model of a common model with different parameters. In the acoustic
example (Figure 1.6) there are four speakers fixed in the environment, and the target is a
single moving microphone. In this example tracking system will continually measure the
range from the microphone to each of the four speakers using a time-of-flight approach. In
this case m= 4 and the measurement function would be
z¯[i] = h¯i(x¯) =
√
(x¯[x]− t¯[i,x])2+(x¯[y]− t¯[i,y])2+(x¯[z]− t¯[i,z])2
for each transmitter 1 ≤ i ≤ 4, where t¯[i,∗] represents the position of transmitter i. Be-
cause the acoustic system uses four scalar range measurements and its state vector is six-
dimensional, the measurement matrix H must be a 4×6 matrix. In fact because the mea-
surement function is non-linear, we would have to use the linear approximation given by
the measurement Jacobian as in Equation (12). For example, the Jacobian element corre-
sponding to transmitter number one and the x element of the state would be
H1,x =
x¯x− t¯1,x√
(x¯[x]− t¯[i,x])2+(x¯[y]− t¯[i,y])2+(x¯[z]− t¯[i,z])2 .
Referring back to Equation (8), the measurement noise v¯ is a normally-distributed, zero-
mean, spectrally white, random variable with probability distribution v¯ ∼ N(0,R). The
magnitude of the covariance R represents the expected measurement noise for the given
combination of sources and sensors. Unlike the process noise q in in (23)–(25), the mea-
surement noise has concrete origins, and in practice R can be quantified. For example,
one can arrange a real source/sensor pair in a lab, and gather statistics on the measure-
ment variance under representative conditions (as in Section 5.1.2), then later fit a function
to those gathered statistics and use this function in the asymptotic analysis. Or one can
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simply estimate the form and magnitude of the noise based on past experience or simula-
tion as in [25]. For the acoustic tracker example, R is the expected variance in the range
measurements, which is a function of the range itself.
3.5. Steady-State Solution
Once we know A,Q,H and R, there are multiple ways to arrive at a solution for P∞, both
iterative and closed-form. Because of the hybrid sensor make-up of some tracking systems
each sensor type could have a different δ t and a different rate of approach to steady-state.
The decay time constant is the algebraic function [42]:





where A andQ are both functions of δ t. An iterative solution to P∞ would require (1) calcu-
lation of τ for all system sensor types and iteration of an estimator such as the Kalman Fil-
ter (see Section 3.7.1) for all sensors through to the longest τ and (2) actual measurements
from an implemented system. This non-predictive, iterative approach is computationally
and infrastructurally expensive and, therefore, we present the closed-form for P∞ used in
this stochastic framework.
3.5.1. Closed Form Solution (DARE). The Discrete Algebraic Riccati Equation (DARE)
is a closed-form solution for the steady-state covariance P∞ [42]. Assuming the process
and measurement noise elements are uncorrelated the DARE can be written as shown in
Equation (27).






We use the MacFarlane–Potter–Fath “Eigenstructure Method” [42, 64, 35, 79] to calculate
the DARE solution for P∞ as follows. Given the model parameters A, Q, H, and R from






The Hamiltonian (sometimes called the Control Hamiltonian) is a matrix of state and co-
state variables (thus doubling the state size to 2n× 2n). The state equations represent
constraints of the minimization problem, and the costate variables represent the marginal
cost of violating those constraints. The minimal solution to the Hamiltonian is the best
possible control for taking a dynamic system from one state to another. Once we have the




= [e¯1, e¯2, . . . , e¯n]
from the n characteristic eigenvectors [e¯1, e¯2, . . . , e¯n] of Ψ (only n eigenvalues are stable
[90]), and finally using B andC we compute the steady-state covariance as
(30) P∞ = BC−1.
As described in the next section we do this at a representative set of points {x¯1, x¯2, . . . , x¯p}
throughout the working volume, computing H and R at each point, and using the same
process model (A and Q) throughout.
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3.6. Complete Steady-State Computation
Having determined to use a closed-form solution for the DARE to compute P∞, one
needs a process for computing P∞ throughout a volume (i.e. a 3D grid of points) or for a
list of points that define some geometric object. Further the P∞ solution must reflect the
input from all system measurement models each with their own update rate, δ t.
To start, one has to define the process model. In particular one must decide on the form
of A(δ t) and Q(δ t), for example as in equations (22)–(25). The δ t parameters are included
here to emphasize that A and Q are functions of δ t.
Next one needs to define distinct measurement models and corresponding H and R
matrices (functions) for each device type. For the example acoustic tracking system, one
could think of four separate measurement models or a single parametric model. If using
the latter approach, H and R are functions of x¯ and any other parameters of interest (e.g.,
electrical biases, focal length, etc.). In a hybrid system one would typically have multiple
parametric measurement models, e.g., one for acoustic devices and one for cameras as in
the hybrid example presented in Section 5.2.3. In any case the function that implements
each measurement model must handle device-specific processing (e.g., beacon selection)
and exceptions such as limited fields of view or occlusions. Any measurement model can
be defined to test for occlusion and include its effects in its calculation. This is the case with
the system described in Section 5.1.1.2 and, while not included in the analysis presented
here, Chen [24] presents a probabilistic model for dynamic self-occlusion that could also
be incorporated into a measurement model.
It is important to note that the sample time δ t, for example in A(δ t) and Q(δ t), is
defined by the measurement devices. If the candidate devices provide measurements at
100 Hz, then δ t = 0.01 seconds. If there are multiple devices with different measurement
rates, then there are multiple corresponding δ t values, with corresponding instances of
A(δ t) and Q(δ t).
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TABLE 3.3. Pseudo-code for steady-state evaluation
For each n-dimensional point x¯i ∈ {x¯1, x¯2, . . . , x¯p}
ΨΣ = zeros(2n,2n)
For each device
Determine δ t for the device
Evaluate A with that δ t using (22)
Evaluate Q with that δ t using (23)–(25)
Evaluate H at x¯i
Evaluate R at x¯i
Test for Observability)
If Observable
Compute Ψ using (28)
ΨΣ =ΨΣ+Ψ
Compute the n eigenvectors of ΨΣ as in (29)
Compute P∞i as in (30)
Finally one has to decide at what points {x¯1, x¯2, . . . , x¯p} to evaluate P∞. One could
choose a set of points on a surface or object in the working volume, or a set that spans some
3D volume, perhaps on a regular 3D grid. Examples of both are presented in Section 5.
The pseudo-code in Table 3.3 illustrates the overall process. Notice how the contribu-
tions from each device are similarly fused at every point, no matter what type of device (or
combination of devices) is being evaluated. Note that the H and R must be evaluated with
the appropriate measurement (or Jacobian) function for the device.
Once the P∞ analysis is complete, one can use surface or volume visualization tech-
niques to render the complete set of points P∞i for 1≤ i≤ p as in the volume visualization
for the example acoustic system (Figure 1.6) and throughout Chapters 4, 5, 6, and 7.
3.7. Domain Qualification: Existence of a Solution to the DARE
For readers familiar with the Kalman Filter, Section 3.7.1 provides a segue between the
Kalman filter equations and the closed-form equation used in this framework’s P∞ solu-
tion. Kalman filter familiarity not withstanding, the proof of the existence of a steady-state
47
covariance solution (P∞) in this domain does rely on one of the equations presented in
Section 3.7.1.
3.7.1. Iterative Solution. The Kalman Filter [54, 100] is a stochastic estimator for the
instantaneous state of a dynamic system (Section 3.3.4) that can be used as a tool for per-
formance analysis [42] when actual measurements are available and has been used for
both human motion modeling [108, 92, 77] and tracking of human motion [56, 34]. It
might appear that this framework is a Kalman filter-based tracking approach as in [38]
or [101]. In fact, the Kalman Filter is a measurement-dependent, iterative solution to the
well-known Riccati (Ordinary Differential) Equation as shown in Section 3.7.1 as com-
pared to the closed form steady-state solution employed by this framework and presented
in Section 3.5.1.
If we had real or simulated measurements, P∞ could be determined via an iterative
solution, the Kalman Filter [54]. Given A, H, Q, R, and P0 (the initial covariance matrix re-
quired only if using an iterative approach), we can describe the prediction-correction cycle
Kalman Filter algorithm. The first step is to predict the system state using the time update.
We begin with a state estimate, xk, and estimate the following state, xk+1, after an elapsed
time δ t. All steps in the time update are a priori of a real measurement of the outputs of
the system. The second and final step is the measurement update that begins when a new
measurement is received. First we predict the Kalman gain, K. Then given a measurement
vector, zi+1, we correct the estimate for xi+1 from the time update (prediction) step. We
can then correct the covariance estimate. By iterating until until Pi+1 = Pi, the steady-state








and the measurement update equations (i.e. correction) are:







where K is called the “Kalman Gain”.
Assuming that i is far enough into the future so that continued iterations result in no
change (i.e. Pi+1 = Pi and P− = P+) we can drop the i subscript and ± superscripts for
simplicity and, by substitution:
P= (I−KH)P Equation (35)
















)−1)HP)AT +Q substituting Equation (32)
P= APAT +Q−APHT (HPHT +R)−1HPAT multiplying through, reordering.
This final equation is the Discrete Algebraic Riccati Equation where Pi = Pi+1 = P∞.
3.7.2. Existence Conditions. In order to determine whether we can successfully solve the
DARE, we must define conditions to be satisfied for the existence of a solution [52] which
because of its non-linear nature, is not guaranteed in all cases. A covariance matrix, P, is
always non-negative definite or, equivalently, positive semi-definite (p.s.d). This means that
all its eigenvalues are less then or equal to one and so all acceptable solutions to the DARE
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will be positive semi-definite or positive-definite as well. From this, we know that we must
find a positive semi-definite (or definite) solution to the DARE. However, the solution of
interest is further restricted. Of interest is the stabilizing solution which, when it exists,
is unique. Using the state equations from the iterative solution to the DARE presented in
Section 3.7.1, we know that
(36) xˆ+i = Axˆ
−
i +Ki(z¯i−Hxˆ−i−1)
where Ki = P−i H
T (HP−i H
T + R)−1 (the Kalman Gain) and z˜i = z¯i−Hxˆ−i−1 is the mea-
surement residual, the difference between the actual measurement (z¯i) and the estimated
measurement (Hxˆ−i−1) as introduced in Section 3.2. Subtracting to find the error in the state
estimate (x˜i),




Since the (A−KH) term will be applied to the state estimate repeatedly over time, the
stability of (A−KH) is crucial to avoid exponential growth of error and instability. There-
fore, (A−KH) must be stable in order for error convergence to occur. However, because
of the random variables, w and v, the stability of (A−KH) alone is necessary but not suf-
ficient. The actual error will fluctuate around a mean value of the state and the value of K
minimizes the average value of some function of the error. When this function is the mean-
square-error, the K that minimizes the error covariance of the state is the same Ki that we
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TABLE 3.4. Existence of the DARE solution [52]
Properties of the Solution Conditions Remarks
Is there a solution of the
DARE such that (A-KH) is
semi-stable,
i.e. |λ (A−KH)| ≤ 1 ?
Yes, under detectability of
{A,H} (only a sufficient
condition).
At least one such solution
is p.s.d.
Is there a solution of the
DARE such that (A-KH) is
stable,
i.e. |λ (A−KH)|< 1 ?
Yes, iff we have detectabil-
ity and unit circle control-
lability of {A,Q}.
The stabilizing solution is
unique and p.s.d. How-
ever, there can be several
p.s.d. solutions.
When is the stabilizing so-
lution of the DARE its
unique p.s.d. solution?
Iff we have detectabil-
ity and stabilizability (con-
trollability on and outside
the unit circle) of {A,Q}.
use in the Kalman filter (Equation (33)) and we see contained in the DARE (Equation (27))
as shown in Equation (38).
(38) K = Ki = P−i H
T (HP−i H
T +R)−1
Therefore, by definition, the stabilizing solution to the DARE is the solution such that the
matrix (A−KH) is stable. In other words, the eigenvectors of (A−KH) must lie inside
the unit circle so that their magnitudes are less than one (λ |(A−KH)| < 1), a condition
for positive-definiteness. Table 3.4 summarizes the conditions under which stabilizing so-
lutions to the DARE exist. These conditions move through three phases from the existence
of solution(s) to the DARE to the existence of several solutions (one of which is stabilizing)
to a unique stablilizing solution.
The first step is testing for detectability of {A,H}. The detectability of {A,H} means
that there exists a matrix K such that (A−KH) is semi-stable (eigenvalues on and/or in-
side the unit circle) and, therefore, a solution(s) to the DARE exists such that (A−KH)
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is semi-stable. Eigenvalues on and/or inside the unit circle is a condition for positive-
semidefiniteness (p.s.d.). Without detectability, we cannot claim the possibility of a pos-
itive semi-definite solution to the DARE. Therefore, detectability is a necessary but not
sufficient condition for a stabilizing solution since without detectability, (A−KH) is not
stable for any K and, so, (A−KH) cannot be stable. Once we have shown that a posi-
tive semi-definite solution exists, the next step is to test for the existence of a stabilizing
solution. Along with detectability, we must show that {A,Q} is unit circle controllable.
Unit circle controllability means that there exists some matrix K such that (A−QK)
has no unit-circle eigenvalues (|λi| < 1). When A, is stable the unit-circle controllability
assumption is automatically met. Detectability and controllability on the unit circle tells us
that a stabilizing positive semi-definite solution to the DARE exists. However, it does not
eliminate the possibility of several positive semi-definite solutions. From these, we would
have to test the stability of (A−KH) directly by substituting the resulting value of P and
calculating the eigenvalues of (A−KH). Only one solution will be stabilizing.
Once the existence of a stabilizing solution has been proven, the next test determines
whether there is a unique solution to the DARE. If there is, this solution is positive semi-
definite and stabilizing. Just as we tested for unit circle controllability above, we can test
for controllability outside the unit circle. This means that there exists some matrix K such
that (A−QK) has no eigenvalues on or outside the unit-circle (i.e. (A−Q) is stabilizable).
In other words, if we have detectability and controllability on the unit circle then the DARE
will have only one positive semi-definite solution if and only if {A,Q} is stabilizable. This
positive semi-definite solution of the DARE is its unique stabilizing solution. As with
controllability, when A is stable the stabilizability assumption is automatically met.
The flow chart in Figure 3.5 summarizes the conditional tests for detectability, control-
lability and stabilizability and the assertions that can be made after each test.
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FIGURE 3.5. DARE Existence Test Flow
3.7.3. Existence in this Tracking Domain. This section will examine9 the P, PV and PVA
models for the existence of a solution of the DARE. It is not intended to serve as proof that
the DARE can be applied to all tracking system models. Tracking systems models vary
depending on the defined values of Q, R, A, H and each should be tested as defined.
Suppose we are designing a 1D-position tracker with a PV-motion model. The state
matrix will contain an estimate for xˆ and we also want to estimate velocity, vˆ = ˆ˙x = dx¨dt . A
typical A matrix in this position-velocity (PV) system applies the equation xˆi+1 = xˆi+ vˆδ t,
to determine the new position estimate, xˆi+1, and replaces the current velocity estimate, ˆ˙x,
with the new one. For example,
(39) A=
 1 δ t
0 1





(40) xˆi+1 = Axˆi =










Most tracking systems measure 3D position or 6D position and orientation and we find
that A extends from 1D to 3D such that
(41) A=

1 δ t 0 0 0 0
0 1 0 0 0 0
0 0 1 δ t 0 0
0 0 0 1 0 0
0 0 0 0 1 δ t











if the state definition includes estimates for position in yˆ and zˆ. We observe that A is an
upper triangular matrix. The upper triangular form of A holds for the 6D position and
orientation case and in the position (P) and position-velocity-acceleration (PVA) models
in which xˆi+1 = xˆi+ v(δ t)+ aˆ(δ t)2 where aˆ = ˆ˙v is estimated acceleration. Regardless of
the update time, δ t, the eigenvalues of A are all equal to one since the eigenvalues of a
triangular matrix are the diagonal elements of the matrix. We know that if A is stable then
the stabilizability condition of {A,Q} is automatically met and no further testing would
be required. However, in the P-PV-PVA domain considered here, A is only semi-stable
(λi(A) = 1).
The {A,H} detectability test determines whether there exists a matrix K such that
(A−KH) is semi-stable. Because the eigenvalues of A are all equal to one, we know
immediately that A is semi-stable and a solution to the DARE exists. Regardless of the
value of H, if we simply set K = 0, the eigenvalues of (A−KH = A−0= A) remain equal
to one proving that {A,H} is semi-stable as long as A is of P, PV, or PVA form. This passes
the first condition for detectability and assures the existence of a positive semi-definite
solution to the DARE.
Next we test for the existence of a stabilizing solution via the {A,Q} detectability con-
dition. To prove that a stabilizing solution exists, we must show that there exists some
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matrix, K, such that A−QK has no unit-circle eigenvalues. Recall that Q is the process
noise covariance that we know to be positive, symmetric and positive-definite and so as
long as K 6= 0 then we can be certain that (A−QK) will have no unit-circle eigenvalues
since the diagonals and the eigenvalues of A alone are one. Therefore, we know that a
stabilizing solution to the DARE exists. This is enough to enable us to move forward with
the solution(s) to the DARE. However, we really want to prove the existence of a unique
stabilizing solution since it is the best possible scenario for this problem.
Now that we have met the unit-circle controllability condition, we are assured that a
stabilizing solution to the DARE exists. The condition for stabilizability (unit-circle con-
trollability outside the unit circle) tells us whether or not the stabilizing solution is the
unique solution to the DARE. While this is not necessary for implementation of the DARE
approach to tracker performance evaluation, a unique solution to the DARE simplifies the
process considerably. To prove a unique solution, the {A,Q} detectability and stabilizabil-
ity must be met so that (A−QK) can have no eigenvalues on or outside the unit circle.
Building on the argument presented in the previous paragraph, if we can show that (QK)
is positive then the subtraction from A will result in a negative perturbation of (A−QK)
and, consequently, eigenvalues not equal to one. We know that covariance Q contains only
positive elements so if we can assert the same for K then (QK) is also positive. Recall
the K defined in Equation (38). An inspection of this equation shows that K is a ratio
of functions of the process covariance, σp, to the measurement covariance, σm, such that,
generally speaking:
(42) K ≡ σp
σp+σm
and so will be positive and less than one. We can determine the sensitivity of the eigen-
values of A by treating (QK) as a perturbation on A to see whether (A−QK) does indeed
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result in eigenvalues of less than one. Because A is not symmetric we know that A′s eigen-
values will be sensitive to perturbation. Given the eigenvalues (λ ) and eigenvectors (x)
of A we know that A = xλx−1 and λ = x−1Ax. If δA represents some change in A then
λ + δλ = x(A+ δA)x−1 and so δλ = x(δA)x−1 where, in this case, δA = QK. Taking
matrix norms, ‖δλ‖ ≤ ‖x‖‖δA‖‖x−1‖ = ‖x‖‖x−1‖‖δA‖ = κ(x)‖δA‖ where κ(x) is the
condition number of the matrix of eigenvectors of A. In the P-PV-PVA cases, we find con-
dition numbers on the order of 1013 and so it would be reckless to assert any definitive
statement about whether the eigenvalues of δA= QK are less than one. Fortunately, there
remains another, more efficient way to determine whether a unique stabilizing solution to
the DARE exists.
3.7.4. Observability Test. If a stabilizing solution exists then the system covariances con-
verge over time to a steady-state solution or, as discussed above, a solution to the DARE
exists [52]). However, if a system satisfies the stronger condition of observability then we
know a unique solution to the DARE exists [60]. Therefore, we can prove the existence of
a stabilizing solution via a system observability test. Observability is an important prop-
erty of dynamic systems that employ feedback such as tracking systems [46]. A system is
observable if it is possible to uniquely determine the state from the outputs (measurements)
at any point in time which is, of course, the very purpose of a tracking system. Using the
3D acoustic example, a single measurement defines a sphere upon which the user may lie,
i.e. there are an infinite number of possible solutions. Consequently, we cannot uniquely
determine the state with a single measurement. For this system to be observable, you need
at least three (four in practice) range measurements to determine the 3D position [102].
For it to be practical, the final system must be observable [85]. However, this does not
mean that every system model a designer tries will be observable, nor that the observabil-
ity will be satisfied throughout the working volume (occlusion, for example, would not be
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detected). Before attempting to solve the DARE at any point in the working volume, a test











where n is the number of elements in the state vector and


















for all m measurement model objects and corresponding state transition and measurement
matrices, Aµ and Hµ . If the point in question is not observable, a DARE solution may exist




FIGURE 4.1. Artemis: The Computational Model
Named for the Greek goddess of hunting and tracking, Artemis is the software tool
that implements the P∞ estimation method with built-in support for P, PV and PVA motion
models and a variety of measurement models. Artemis is written in RSI’s Interactive Data
LanguageTM (IDL) [84], a development environment targeted for data analysis and visu-
alization applications. IDL was chosen because of its built-in image processing, matrix
math, Graphical User Interface (GUI) builder, data analysis and visualization capability
along with cross-platform portability. IDL’s free Virtual Machine supports deployment
across multiple platforms and Artemis has run successfully on Windows, OS X and Linux
platforms.
FIGURE 4.2. Artemis Functional Architecture
4.1. Architecture
The Artemis software is comprised of seven primary functional components as shown
in Figure 4.2. These functions are:
(1) Process Model Manager
(2) Measurement Model Manager
(3) Interaction Control Manager
(4) Visualization Manager
(5) File IO Manager
(6) P∞ Computation Manager
(7) GUI Control Manager
The Artemis user interacts with GUIs controlled by the Interaction Control Manager and
Visualization Manager. Examples of these GUIs are shown throughout this section with
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positional numbers in meters and orientation values in degrees. Note that Artemis does not
limit the units that can be used and requires only that the user be unit-consistent within any
given analysis for correct computation.
4.1.1. Process Model Manager. When provided with a definition of the system state and
values for building the process noise matrix, Q, the Process Model Manager instantiates the
process model to be used in the tracking system performance analysis. The size and form of
the state vector determines the size and form of the Q matrix and the Q matrix components
are determined at runtime by the sampling rate (δ t) of each measurement model and the
“q” values provided by the user. See Section 4.2.1 for details about the process model form
and value specification.
4.1.2. Measurement Model Manager. The Measurement Model Manager registers each
systemmeasurement model and keeps track of howmany have been registered and of which
types. During runtime, the Measurement Model Manager provides the sampling rate (δ t)
for the generation of A and Q by the Process Model Manager and the H and R matrices
from each instantiated measurement model for the P∞ calculation.
4.1.3. Interaction Control Manger. Every system parameter (Q, R, position, orientation,
etc.) is registered with the Interaction Control Manager and assigned a parameter ID after
the user specifies the necessary input files. Measurement specific parameters (e.g., FOV)
are also registered with the Interaction Control Manager and assigned IDs. Along with the
parameter ID and value, an interaction control mode is defined. If the parameter is static
(i.e., no real time user control) then its model type is STATIC. For dynamic parameters,
users can request control though either SLIDER or TEXT BOX interaction as shown in
Figure 4.3. This GUI is displayed automatically if dynamic parameters are specified. The
Interaction Control Manager also supports “grouping” of parameters. For example, sup-
pose a system contains a number of sensors placed at various [x,y] positions around a room
but at the same height (z). The z-location of all the sensors can be grouped and tied to a
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single slider or text box so that the user can interactively raise and lower the entire sensor
setup. See Section 4.2.5 for further details.
FIGURE 4.3. Artemis Parameter Interaction GUI with sliders and text boxes
4.1.4. Visualization Manager. The Visualization Manager accepts the values of the met-
ric selected by the user (see the Artemis GUI in Figure 4.4) for display along with the
display type (volume or pointlist/surface). If the display type is a surface visualization,







and the user decides which of these interpolations methods to use along with the desired
metric to visualize via the main Artemis GUI (Figure 4.4).
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4.1.5. File IO Manager. The File IO Manager handles all data read from and saved to
files. It parses the input files and passes the parameters specified to the Process Model and
Measurement Model Managers. The File IO Manager is activated when the user presses
the “Load Data File” and “Save Data File” buttons on the main Artemis GUI (Figure 4.4).
P∞ results can be saved off for later retrieval without having to recalculate P∞ values.
4.1.6. P∞ ComputationManager. The P∞ Computation Manager interfaces with both the
Process Model Manager and the Measurement Model Manager to collect the Q, A, H, R
matrices and δ t for each measurement model and at every analyzed point. Using the al-
gorithm described in Table 3.3, a P∞ matrix is computed for every registered measurement
model and these matrices are then summed for a final P∞. When P∞ has been calculated at
every sampled point, the metrics listed in Section 4.3 are generated and made available for
the Visualization Manager.
4.1.7. GUI Control Manager. The GUI Control Manager monitors for user input and
routes tasks to the appropriate code modules. The user interfaces and operational proce-
dures are described in the following section (Section 4.2) and the main Artemis GUI is
pictured in Figure 4.4.
4.2. Using Artemis
Figure 4.4 is a screenshot on the main Artemis GUI. To define a model for P∞ esti-
mation, the Artemis user begins by pressing the “Define Models” button and the system
prompts for a model definition file (an ‘.ext’ file extension).
4.2.1. Process Model and Volume/Surface Specification. The tracking system to be an-
alyzed is instantiated with information from the extrinsic (‘.ext’) input file as shown in
Figure 4.5. The first line defines whether the state space will contain position and/or ori-
entation parameters and which of the three available motion models to use. In Figure 4.5,
a 3D-position state with PV motion is defined (P PV). Orientation would be included in
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FIGURE 4.4. Artemis GUI
the state if PO PV had been requested instead. The second line defines the type of analysis
to be performed. “Volume” indicates volume analysis and the following three lines define
the volume parameters. The three lines following define the grid or mesh over which P∞
calculations will be performed. The first line specifies the starting coordinates for x, y and
z. The second line specifies the end coordinates for x, y and z. The third line specifies the
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spacing or delta between the start and end coordinates for x, y and z. Figure 1.6 shows the
result of the volume analysis specified in Figure 4.5 (left).
If instead of a volume analysis, an analysis of specific points is desired, a “PointList”
can be specified in which Artemis will perform the P∞ analysis on the 3D points read in a
file as specified in Figure 4.5 (right). “Zplane 2m.ptl” contains lines of 3D points in x, y, z
order. For example, the first few lines of the pointlist file “Zplane 2m.ptl” which defines a







Pointlists can also be used to define a model such as the torso shown in Figure 4.12. P∞ is
performed at the vertices that comprise the geometric model.
The next lines define the “Q” matrix. Each “q” value is read from a single line in
[qx qy qz qR qP qY] per line order as required by the state definition. The number of lines
required to define the Q-matrix varies with the selected state space. For example, if the state
is position-only then three lines are needed for qx, qy, and qz. If the state is orientation only,
then three lines are needed for qR, qP and qY. If the state is 6D (position and orientation)
then six lines are required in the order specified above (position followed by orientation).
The Q matrix defined in Figure 4.5 is 6×6. After the Q matrix values have been defined,
the state space and associated process model are complete except for measurement update
rate which is defined with the measurement model(s). The cognizant Artemis user can
define the process noise matrix “Q” in any way he or she wants by circumventing this
tool-provided matrix generation inside the IDL file (i.e., code) for the measurement model.
4.2.2. Measurement Model Specification. The remainder of the EXT input file defines
the measurements that comprise the proposed tracking system. In both the volume and
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FIGURE 4.5. Artemis input file for volume (left) and surface (right) system analysis
pointlist/surface files shown in Figure 4.5, four acoustic range sensors are specified one-at-
a-time beginning with the
measurement AcousticRange 1
line. Following each measurement delineation line, the position, orientation, update rate
(δ t in Hz) and measurement noise (r) for each sensor are specified. These are order inde-
pendent. The optional “icon” specification supports the selection of any of the predefined
models (camera, sphere, cube, ...) to be used to mark the sensor locations during visualiza-
tion. In this acoustic example, a “sphere” is chosen and spheres can be seen marking the
location of the system sensors in Figure 1.6. An example of the “camera” icon can be seen
in Figure 5.15. Note that in the input file for TeX surface analysis (right), three of the four
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’r’ values are followed by the word “GUI”. This indicates that the user wants a dynamic
input parameter and Artemis will create the required parameter interaction automatically.
The requested Parameter Interaction window for this input file is shown in Figure 4.3. See
Section 4.2.4 for details.
We could choose to specify all four sensors with one line
measurement AcousticRange 4
and follow that with four sets of specification flags (δ t, icon, position, orientation, r) but
this saves only a few lines of input text and is not as maintainable as four separate “mea-
surement” entries.
Whether read-in individually or as a group, each individual measurement definition
(four in this example case) is registered with the Measurement Model manager and instan-
tiated. Artemis currently provides measurement models for the following sensor types:
• Acoustic
• Pinhole Camera





Artemis provides a template file that contains the required procedures and function for a
user to employ when defining custom metric.
4.2.3. Intrinsic Parameters. Intrinsic parameters can be specified directly in the EXT file
or, more conveniently, with an INT file. This is especially useful for sensor system types
such as cameras with a number of internal parameters (CCD size, focal length, etc.) when
used multiple times in a tracking system specification. This enables a user to specify the
position and orientation of each camera in the EXT file and simply reference the INT file
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for intrinsic parameters. For example, Figure 4.6 shows the specification of several cameras
in an eight-camera setup all of which are defined defined using the same intrinsic parameter
file (circled and in red).
FIGURE 4.6. Artemis input file (.INT) for intrinsic parameters
4.2.4. Parameter Control and Interaction. Given the goal of design interaction, Artemis
implements slider and text box control of designated parameters. To request realtime inter-
action with a design parameter, the “GUI” flag must be appended to the parameter specifi-




positionX 0.194465 GUI slider positionX -0.5 2.0
positionY 1.83907 GUI slider positionY -0.5 2.0
positionZ -0.399036 GUI slider positionZ -0.5 2.0




left 0.765728 -0.364919 -0.529617
up -0.587386 -0.0613513 -0.806978
look 0.261988 0.929015 -0.261327
r 0.0005
filename BumbleBee.int
In this example, a GUI will be created that contains three sliders and one textbox listed
in the order in which they are parsed. The sliders will be labeled “positionX”, “positionY”,
and “positionZ” all ranging from -0.5 to 2.0 [units]. The three sliders will be followed by
a single text box labeled “orientationR”. An example Parameter Control GUI is shown in
Figure 4.3.
4.2.5. Sensor Groups. Artemis supports sensor “grouping” so that one sensor can dictate
specifications for other sensors associated with it (i.e., relative specification). Figure 4.7
shows an EXT file that specifies eight cameras (only three are visible in Figure 4.7) where
the cameras are grouped into pairs. The first group is named “BumbleBee1” as shown
in red and the first “CameraVector” measurement model listed after the group is declared
as the “master” measurement model for the group. Its position, orientation, noise mod-
els, intrinsic parameters, etc. are specified as described in Section 4.2.2. However, the
next CameraVector measurement model listed is a “slave” to the “master” CameraVector
and its position in X, Y and Z is relative (as indicated in red in Figure 4.7) to the posi-
tion of the master CameraVector. Specifically, the “master” in BumbleBee1 is located [-
0.289502 1.78062 -0.474881] and the “slave” is located at [-0.289502 1.78062 -0.474881]
+ [0.0739932 0.0438570 0.0836754] = [x y z]. The second grouping begins with the “group
BumbleBee2” statement and proceeds as described for BumbleBee1. Any changes to the
master’s parameters also change the slave’s accordingly.
4.3. Performance Estimation
Once the system model and been defined and instantiated, pressing the “Compute data”
button will initiate the P∞ calculations. The point in the grid or on the surface that is being
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FIGURE 4.7. Artemis grouping specification in EXT input file
analyzed is displayed in the IDL command window so that the user can observe the progress
of the calculation. When all points have been analyzed, Artemis will display “Complete”
in the command window.
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4.4. Visualization
Artemis offers known visualization techniques as supplied by IDL (isosurface, volume,
image plane, and surface objects) for ten predefined metrics. The available metrics as
dereived from P∞ are:
• standard deviation of X position
• standard deviation of Y position
• standard deviation of Z position
• standard deviation of X velocity
• standard deviation of Y velocity
• standard deviation of Z velocity





The Maximum Likelihood Estimation (MLE) is a measure of the probability density
function of the requested metric. The likelihood estimate (LE) of x¯, (the point examined in





2 [(xˆ−x¯)T 1P∞ (xˆ−x¯)]
where xˆ is the state estimate and n is the number of elements in the state vector. For this
calculation, we want the maximum likelihood estimate that occurs when xˆ = x¯ and so the





While the MLE does not have meaningful “real world” units such as meters or degrees,
it is an effective measure of relative performance. A larger MLE is indicative of a smaller
covariance and, thus, better performance.




given the set of eigenvalues of the P∞ matrix, λ (P∞)
“EigMax” is the metric selected for all visualizations in Section 5 and is defined as the
maximum eigenvalue of the P∞ matrix. More precisely, given the set of eigenvalues of the
P∞ matrix, λ (P∞),
(48) EigMax= max{|λi| : λi ∈ λ (P∞)}
Ji-guang Sun [93] uses this same definition (Artemis’ EigMax) for “spectral radius”, ρ ,
and notes that if ρ < 1 then the matrix in question is stable (see Section 3.7).
4.4.1. Isosurface. An isosurface is a set of surface or manifold drawn in the volume to
represent a surface that has a specific constant value (the isovalue). Figure 4.8 shows ex-
amples of isosurfaces both with the volume visualization in place (left) and without the
volume. Inside the acoustic volume is a pincushion-shaped (more formally hypocycloid-
shaped) isosurface that shows where EigMax is less than -1.76 log meters and indicates
a region of peak performance. The isosurface on the right is at -1.6 log meters and the
volume information has been deleted.
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FIGURE 4.8. Acoustic Isosurface for -1.76 log meters (left) and -1.6 log
meters (right)
4.4.2. Interval Volume. A volume interval is a set of tetrahedra that span a space between
two isovalues within a volume. Figure 4.9 shows an volume interval visualization for our
acoustic example in ranges -1.77 to -1.4 log meters and -1.4 to -1.08 log meters.
4.4.3. Image Plane. Figure 4.10 shows the acoustic example visualization using image
planes or slices. The left and right figures use common planes with the pincushion-shape
from Figure 4.8 (left) clearly visible at the z= 0.6 meter plane and the shape of the isosur-
face from Figure 4.8 (right) at x = 0.2 meters with the z = 0.6 meter plane removed. IDL
does not currently support oblique slices.
4.4.4. Objects. Using a point list, Artemis can read in the description of an object and
map the P∞ metric to the object itself. Figure 4.11 shows a female torso in the Pandora
environment [89] used for the initial camera setup (see Section 2.3). Figure 4.12 shows the
Artemis P∞ output (left) and the camera coverage (right) as computed by Artemis. Both
images show rotated axes to match the Pandora origin and axis setup for easier comparison.
The camera coverage from Artemis shows which areas of the torso can be seen by the
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FIGURE 4.9. Acoustic Interval Volume for -1.77 to -1.4 log meters (left)
and -1.4 to -1.08 log meters (right)
FIGURE 4.10. Acoustic Image Plane at z=0.6 and 0.4 and x = 0.35 meters
sensors defined in Artemis. Colors similar to those used in pandora have been selected
to highlight the similarity in camera coverage. In order to perform P∞ analysis at a given
sample point, at least two cameras must have line-of-sight visibility and so Artemis shows
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available P∞ data only where two or more camera frusta overlap (i.e., when the system is
observable). This maps to the turquoise and yellow areas in Pandora and Artemis’ camera
coverage as shown by the left image in Figure 4.12. Observe that the best performance
(darkest area) is approximately where all three camera frusta overlap.
FIGURE 4.11. Patient Biopsy in Pandora.
FIGURE 4.12. Patient Biopsy in Artemis with P∞ performance on the left
and camera coverage shown on the right.
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CHAPTER 5
Validation with Reality: Results
Validation is the process of determining the degree to which a computational model is
an accurate representation of the real world. The highlighted nodes (outlined and in red) in
Figure 5.1 indicates where this chapter falls in in the QV&V process.
FIGURE 5.1. The Validation Process
Some of the results presented in the chapter were presented at VRST 2005 [5] and
are the product of both MatlabTM simulations and the working system prototype, Artemis.
Artemis is described in detail in Section 4. The results have been separated into two sec-
tions that address (1) commercial and research systems for validation with real-world per-
formance and (2) example systems for the demonstration of the flexibility of the P∞ frame-
work.
5.1. Commercial and Research Tracking Systems
In this section both a commercially-available tracking system and a research system
used for 3D scene reconstruction will be examined for validation. Readers should note
that the proposed P∞ performance evaluation method was intended to provide a theoretical
upper bound on performance and not exact estimates as required for validation. So, com-
promises had to made in order to perform validation and it may (incorrectly) appear that
the P∞ method is algorithm-specific. For example, the decision to fuse ten measurements
per point in the working volume was made for a fair comparison between measured and
estimated performance. For this reason, the measured performance of the working HiBall
system presented here should not be interpreted as the commercial system performance.
Additionally, a true P∞ performance evaluation (as opposed to the validation presented
here) would not be limited to ten measurements per point.
5.1.1. A Commercial System: 3rdTechHiBallTM. The HiBall is an optically-based wide-
area tracking system originally developed at UNC Chapel Hill and manufactured commer-
cially by 3rdTech, Inc. It is composed of two key integrated components: the HiBall Optical
Sensor and the HiBall Ceiling Beacon Arrays. Using what is sometimes called inside-out
tracking, infrared LEDs embedded in the ceiling strips are imaged on one of six Lateral
Effect Photo Diodes (LEPDs) contained in the HiBall sensor using a single-constraint-at-
a-time (SCAAT) algorithm [101] for data fusion.
5.1.1.1. Evaluation. The approach to evaluating estimated performance was twofold. First,
the steady-state predictions were compared to the measurement error reported in [103] us-
ing a HiBall-3000 optical tracking system. Second, a series of controlled experiments were
performed (again using the HiBall-3000), in which the measured performance over a wide
area was estimated and compared the results to the steady-state predictions.
Figure 5.2 shows the experimental setup in which the HiBall sensor was pushed along
a series of paths mechanically constrained along a rigid rail. 3rdTech engineers graciously
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FIGURE 5.2. Experimental setup. Left: shows the LED strips on ceiling,
the precision 80/20TM rail, the mobile rail supports, and the sliding HiBall
sensor fixture (see also the inset). Right: the tape on the floor marks the 28
different linear rail paths that collectively form a grid intended to span the
edge of the ceiling (dashed red line) and some portion of the interior.
provided low-level access to the system software, so HiBall data could be logged at a very
high rate. This data was compared to steady-state estimates. In particular, curves fitted to
the “rail path” data were generated and the data were examined for deviations from those
curves.
The experimental rail rig was approximately seven feet (1.4 m) long, with a constant
height of approximately 1.9 meters. In order to perform a wide-area comparison, the rig
was positioned along 28 paths crisscrossing the area, forming a grid that ranged from 3.0
to 6.0 meters in the x-direction and 5.5 to 10.0 meters in y. The grid was intentionally
arranged to extend beyond one ceiling edge by about one meter, allowing for a region of
potentially deteriorating performance where the HiBall is starved for measurements.
5.1.1.2. The HiBallTM System. The HiBall-3000 system estimates the sensor (target) pose
by sighting a two-dimensional array of ceiling-mounted light emitting diodes (LEDs). For
the steady-state estimates the HiBall was modeled using the same process model the sys-
tem uses, and a single 1000 Hz measurement model. In the measurement model, a grid of
beacons identical to an actual installation was specified (spaced 10 cm apart across a 6.3 m
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by 9.0 m ceiling). Just as the actual system continually chooses a set of nearby LEDs for
tracking, the measurement model chooses a subset of visible LEDs for performance anal-
ysis. Further, both measurement models incorporate occlusion testing in order to choose
visible LEDs.
In 1999, the developers of the HiBall tracking system reported estimation errors of
0.2 mm “for nearly all of the working volume” and 0.5 mm at a height of approximately
1 meter [103]. This setup was modeled for comparison and Figure 5.3 shows the resulting
surface plots of P∞ analysis at 1.9 meters (head height) and at 1.0 m (waist height) across
an area at the corner of the current HiBall ceiling. At 1.9 m, the P∞ estimates are around
0.20 to 0.22 mm (-3.6 to -3.7 log meters). Note the peaks and valleys in performance cor-
responding to the location of the LED strips in the ceiling. At first glance, it would seem
that the P∞ estimates at 1.0 m predict better than the reported 0.5 mm (-3.0 log meters)
with the more ceiling-central estimates at or around 0.3 mm (-3.5 log meters). However,
upon reexamination of [103], it became clear that the test setup had been positioned at the
ceiling edge and not in the better-performing center area. Performance estimates in the far
corner of the surface show values of 0.45 to 0.50 mm (-3.30 to -3.35 log meters). Fig-
ure 5.4 shows the HiBall performance estimates over a small working volume (from 1.0 m
to 2.0 m) to highlight the performance of both the full and sparse ceiling configurations
(see Section 5.1.1.3 for a description of the sparse ceiling configuration). The ceiling strip
pattern is clearly visible in both configurations..
Figures 5.7 and 5.8 show some numerical results from the HiBall rail experiments de-
picted in Figure 5.2. The plot on the top in Figure 5.7 shows the “jitter” of the real system’s
individual position estimates (deviation from a curve fit to the data) and the plot on the
bottom shows the estimated steady-state covariance (P∞). The initial analysis of the real
system’s deviation from a line fit showed a disappointing order of magnitude disparity be-
tween the measured data and the predicted estimates. This was due to three unmodeled
noise sources in the test setup. First, the rail was sagging several millimeters as a result
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FIGURE 5.3. P∞ estimates at Left: 1.9 meter “head” height, and Right: 1.0
meter “waist” height
FIGURE 5.4. P∞ volume analysis with image planes for full (left) and
sparse (right) ceilings
of its own weight and the load of the HiBall. Second, the test execution added mechanical
noise (friction, gait, etc.) as the test conductors moved the HiBall sensor along the rails by
hand.
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To address the first problem the deviation of the real data from a deflection curve was
computed as described in [86] and [41]. The total deflection is the sum of the deflection
due to the point load weight of the rail itself (distributed) plus the weight of the HiBall
sensor and slide apparatus (point) at a distance x from the left of the rail.
FIGURE 5.5. Rail Deflection Formulas for (right) distributed load and (left)
a point load
Using the specifications of the 1020-rail from 80/20, Inc., a maximum deflection due to
the HiBall sensor of 0.198 in (5 mm) was calculated with behavior along the horizontal rail
as pictured in in the upper two diagrams of 08/20 Inc.’s Deflection Calculator Figure 5.6
and specified under “Deflection Y”.
To address the second problem, the expected measurement noise was increased slightly.
This was necessary because the experiment’s exact measurement noise was unknown and
noise was being injected into the system through the experiment setup itself. Because we
had no method of measuring the noise due to sliding the HiBall sensor along the rail, the
additional measurement noise was capped at the value corresponding to the maximum rail
deflection as the HiBall sensor and experimenter moved along the rail. The final calibrated
results are shown in Figure 5.7. The upper image shows the measured system performance.
The surface is interpolated over the stddev values and the blue circles indicate measured
values. The semi-transparent vertical planes in both plots marks the edge of the “ceiling”
(the LED array) around 9 meters in y.
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FIGURE 5.6. Rail Deflection Behavior [1]
Both measured and estimated system performance are qualitatively and quantitatively
consistent under the ceiling. We still observe a greater fluctuation of performance in the
measured data (again probably due to unmodeled noise sources) but the measured mean is
at the same order of magnitude as the calculated P∞ mean. The measured mean of 0.7 mm
is only 1.8x that of the calculated mean of 0.4 mm which indicates that the calculated P∞ is
an upper bound on performance. The performance degrades similarly in both the measured
and estimated data as the HiBall sensor moves out from under the ceiling LEDs. At most
points where the real system lost tracking, the performance method indicated very high or
infinite P∞.
5.1.1.3. A Sparse HiBallTM System. To further validate the performance estimation method,
the HiBall system was modified so that every other row of LEDs in the ceiling was disabled,
effectively doubling the distance between rows. This was done in both the installed system,
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FIGURE 5.7. Comparison of measured HiBall position stddev with P∞ es-
timates. Top: position stddev (from curve fit) of the real system. Bottom:
P∞ estimates over a plane fit to the rail data.
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and in the steady-state models. Here again (Figure 5.8) the performance estimates are sim-
ilar to the measured system performance (Note that the data off the ceiling was excluded
from both plots to increase the dynamic range). While the overall “sparse” system perfor-
mance remains very good with the standard deviation range increasing only slightly, the
performance is less consistent with clear peaks and valleys of accuracy that map directly
to the alternating enabled/disabled rows of LEDs. Again we observe greater fluctuation of
performance in the measured data with a measured mean of 1.8 mm and a calculated P∞
mean of 1.0 mm, a 1.8x increase as in the full-ceiling configuration.
5.1.2. A Research System: 3DMC. Optical systems used for 3D scene reconstruction
employ cameras at fixed locations in the environment, looking inward toward the capture
area. Figure 5.10 shows the 3D Medical Consultation’s (3DMC) Portable Camera Unit
(PCU) used at UNC for development and test of 3D telepresence technologies in remote
medical consultations [105]. In its analyzed and pictured configuration, it consists of two
rows of Point Grey DragonflyTM cameras vertically separated by approximately 11 cm and
horizontally separated by approximately 15 cm. The Bouguet stereo-calibration algorithm
[13, 14] was used for camera calibration and the cameras are positioned at heights (z-axis)
of 88 cm and 99 cm at x-values of -40, -25, -10, and 6 cm and y-values of 27 and 22 cm
(respectively with z-values).
To measure the performance of the 3DMC setup, 1000 images of a pattern of gaussian
blobs drawn on a planar piece of foam core were taken over eleven poses of the foam core
at distances from 0 cm to 30 cm at 3 cm intervals. The test setup and camera views at
the closest distance are shown in Figure 5.10. 3D triangulation was performed for each
gaussian blob at every distance and, at each distance, a covariance matrix was generated.
These covariance matrices are the same form generated by the P∞ analysis and so permit
direct comparison between measured and estimated performance.
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FIGURE 5.8. Comparison of measured HiBall position stddev (top) with
P∞ estimates (bottom) when alternating rows of LEDs are disabled. See
also caption for Figure 5.7.
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FIGURE 5.9. The 3DMC equipment setup.
FIGURE 5.10. 3DMC test setup and Camera Views.
To perform the P∞ analysis, a noise model for the Dragonfly camera was needed. A
1D gaussian line was photographed over 13 distances (10:5:70 cm) with a single Dragonfly
camera positioned directly overhead. At each distance, 1000 images were processed for the
gaussian mean and standard deviation of the mean and averaged resulting in the left curve
shown in Figure 5.11.
Bundled in with the standard deviation of the blob mean is the size of the imaged blob
itself (i.e. there are fewer pixels contained in the blob as the distance away from the camera
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increases). Dividing the standard deviations at each distance by the standard deviation of
the blob itself (in pixels) results in a linear relationship (0.0004d+0.002) as shown on the
right in Figure 5.11.
FIGURE 5.11. Standard Deviation of 1D Gaussian Blobs.
This linear relationship is unitless because pixels have been divided by pixels. However,
by multiplying by the size of the Dragonfly CCD (640x480 pixels) this can be used as the
measurement noise model variance (R) for the 3DMC analysis. Compensating for the off-




Using a P motion model with the q-values set as low as mathematically possible and
sampling at double the measured results, the Eigmax metric from the P∞ analysis is shown
in Figure 5.12 on the bottom and the EigMax metric resulting from the 3DMC PCU test is
shown on the top.
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In both the measured and estimated P∞ performance measurements, the best perfor-
mance is at the closest height to the cameras in the center of the camera setup at [ 185 -90
380 ] mm progressing to the worst performance at the outer corners of the lowest height of
approximately 85 mm. The measured EigMax ranges from 0.022 to 0.039 mm while the
estimated P∞ performance ranges from 0.022 to 0.035 mm. The scale for both figures is
set to the largest possible range (0.22 to 0.39 mm) for direct comparison. The difference
between the measured and estimated performance ranges from 4.13−6 mm to 0.008 mm
with a mean of 0.0019 mm. This is shown in Figure 5.13.
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FIGURE 5.12. Standard Deviation of 1D Gaussian Blobs as measured (top)
and as estimated (bottom).
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FIGURE 5.13. Absolute difference in measured and estimated performance.
5.2. Example Tracking Systems
5.2.1. An Acoustic Example. Figure 1.4 shows the results from the performance esti-
mation for the hypothetical acoustic system presented earlier. The red spheres mark the
positions of the four transmitters (speakers). The system is modeled with a constant update
rate of 50 Hz (δ t = 0.02 seconds). TheQmatrix is a 6×6 matrix of the form (23)–(25) with
qx = qy = 0.395 and qz = 0.107. The measurement covariance matrix is a 4×4 diagonal
matrix with R[i, i] = 0.005z¯[i]2 for 1 ≤ i ≤ 4, where z¯ is the range given in Section 3.4.2.
For simplicity, a measurement model covariance formula that is a quadratic function of
distance was selected. This is not to say that this model is the best noise model available.
The measurement model can be modified to represent any function desired.
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5.2.2. A Multi-Camera Acquisition System. An existing eight-camera acquisition rig
used for 3D computer vision-based scene reconstruction research as shown in Figure 5.14
was modeled for analysis to evaluate system performance in different camera configura-
tions.
FIGURE 5.14. The P∞ analysis of an 8-camera vision-based acquisition rig.
The grey camera icons indicate accurate positions and rotations of the cam-
eras.
The process model used was the same as in the preceding acoustic example, with an
update rate of 30 Hz. For the measurement function a simple pinhole camera model based
on the Point Grey Dragonfly camera specifications (6 mm focal length, 640x480 resolution)








where x¯′ = R(x¯i− c¯), R is a camera rotation matrix, x¯i is the 3D point where P∞ is com-
puted, and c¯ is the camera position vector. Because the measurement function is non-linear,
the linear approximation given by the measurement Jacobian was used,
H =








A function similar to that of the preceding acoustic example was used for R, where the
measurement error covariance increases with the square of the distance.
In Figure 5.14 one can see that the view frusta of the individual cameras are recogniz-
able, as the performance increases in the overlapping regions. In this configuration, the
best performance is located at the horizontal center at a height of 0.24 meters. The worst
performance below the first frusta overlap (0.68 m) occurs at the bottom corners of the
volume.
5.2.3. A Hybrid System. To illustrate generality, the acoustic model of Section 5.2.1 can
be combined with the multi-camera system model of Section 5.2.2. In the pseudo-code
given at the end of Section 3.6, the camera device list and parametric measurement model
are simply added to the loop, along with the acoustic devices and model. The results are
shown in Figure 5.15 where one can see how overall P∞ decreases (performance improves)
when compared to either the acoustic or multi-camera systems alone. Further, the system
can now “see” at heights above 0.68 m due to the inclusion of the acoustic sensors. In
fact, the region of peak performance has moved from the horizontal center (camera) and
the points closest to the speakers (Figure 1.4) to the top four corners of the working volume
(height of 0.68 m).
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FIGURE 5.15. A P∞ visualization for a hypothetical hybrid system with
acoustic devices and cameras. Acoustic transmitters and cameras are de-
picted with small red and gray icons.
5.2.4. A Motion Capture System. Optical systems used for human motion capture typi-
cally follow a common paradigm. Cameras are position at fixed locations in the environ-
ment, looking inward toward the capture area, so that they can observe active or passive
(reflective) targets affixed to the moving human(s). As such the modeling for a P∞ analysis
is very similar to the preceding multi-camera acquisition system.
Figure 5.16 depicts a hypothetical eight-camera motion capture system, and a corre-
sponding P∞ visualization. While the absolute P∞ values may not be accurate in this analy-
sis (and so are not included) the relative results from the volume visualization show us that,
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FIGURE 5.16. A hypothetical eight-camera motion capture system. Left:
picture depicting the arrangement of the eight cameras in the room. Center:
volume visualization of P∞ throughout the space. Right: Surface plot at
plane of peak performance (z=5.6 ft).
as expected, there are dead spots in the corners and better performance in a hexagonally-
shaped pillar running through the center of the volume. Numerical analysis showed that
peak performance occurs at a height of 5.6 ft, between the camera pairs at heights of 5 ft
and 7 ft. A surface visualization at this height clearly shows that the areas of estimated
peak performance are close to the camera pairs as indicated in Figure 5.9, and not in the




Statistician George E. P. Box (creator of the Box-Jenkins ARMA model [16]) said “All
models are wrong but some are useful” [15]. No matter how extensively processes are
modeled, they are approximations and our computational models can and will fall short
of the true behavior of any system [32]. Verification attempts to determine the error and
accuracy between the conceptual and computational models. It must address error originat-
ing from various sources extending from sensor device noise to algorithmic approximation.
The highlighted region (outlines and in red) in Figure 6.1 indicates where this chapter falls
in in the QV&V process.
FIGURE 6.1. The Verification Process
Verification can be subdivided into Code Verification and Solution Verification. The
goal of code verification is to find and remove mistakes in the source code and improve
software quality in general. While this quality assurance step is important, my focus is
on solution verification. This addresses the accuracy of input data (i.e. the model) and
numerical algorithms and estimates the solution error to provide some measure of accuracy
of output data for the system of interest.
We know that the fidelity of simulation results are dependent on the fidelity of the
model itself and the input (i.e. how closely the model resembles the actual system). Errors
in the model(s) will result in less-then-optimal performance estimates. Further, some error
due to non-linearity (algorithmic approximation) is inherent when linearizing a non-linear
problem either by spatial or temporal discretization as with the eKF. Because the eKF is an
accepted and proven way of dealing with non-linear systems (see Section 6.1.1), I am not
attempting to prove this approach is valid here (i.e. model qualification). However, I do
want to address potential sources of model input error for the P∞ method. I am calling this
“System-Level Analysis”.
The parameters required for P∞ computation can used to gain an understating of the
performance trade-off between sampling time or update rate (δ t) and noise. While the
systems presented in Section 5 use a scalar value for the measurement noise, R, this value
is typically the result of decisions made at the measurement level and examination of those
decisions within the context of the P∞ parameters can be insightful. This is “Measurement-
Level Analysis”.
6.1. System-Level Information Optimization
6.1.1. Non-linearity. Both the MacFarlane–Potter–Fath “Eigenstructure Method” (the
close-form solution to the DARE) presented in Section 3.5.1 and the extended Kalman filter
(the non-linear iterative solution to the DARE) presented in Section 3.7.1 accommodate the
case of a non-linear process model and/or a non-linear relationship between the process and
measurement models. This is accomplished by linearizing the non-linear system around a
mean and covariance over some δ t. This linearization is prone to error and solving for the
linearizations can lead to instability (divergence) and error [49].
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This suboptimal behavior is especially apparent within the highly non-linear domain of
orbital analysis and tracking (the application for which the Kalman Filter was designed)
and the Unscented Kalman Filter (UKF) was created to address the issue of linearization
in this context [49, 47, 48, 50, 51]. Rather than propagating the state mean through a
first-order linearization as with the eKF, the UKF uses a deterministic sampling technique.
By propagating a set of sample points around the state mean through the non-linear func-
tions themselves, the mean and covariance are captured accurately to the 3rd order for any
nonlinearity.
However, LaViola [58] found that, within the context of human head and hand track-
ing in virtual environments, the eKF and the UKF exhibited approximately the same error
and that, considering running time, the eKF is a better choice when handling noisy quater-
nion/rotation measurements. Lemay et al. [59] reported a favorable comparison of the
eKF with Monte Carlo simulation. Chang found that, for a general performance analysis,
covariance analysis is the most appropriate technique and that while the use of the Riccati
equation for non-linear problems is an approximate solution due to linearization it can serve
as a lower bound on covariance [23] or, alternatively, an upper bound on performance.
Given that the eKF is a valid approximation tool for this problem domain, one still
might like to be able to quantify the error that results from the first order approximation of
a non-linear system. This will vary from sensor type to sensor type but we can examine
our acoustic system (or any system that uses range measurements) using the error analysis
presented for the Whisper acoustic tracker [96]. Given a traveling velocity of v and an
update rate of δ t, the maximum distance a tracked target can travel in a single δ t is (v∗δ t).
The maximum error occurs when the target travels in a perpendicular direction to the range
measurement (i.e. along the range circle/sphere circumference). The range measurement





where r is the current range measurement. Dividing through by r we find the fractional
error to be




which is significant for small r but falls off as a function of 1/r. Note that as δ t increases,
dr increases as well highlighting the fact that any linearization of a non-linear process can
limit error by minimizing the time between measurement updates.
6.1.2. Global Discretization Error.
6.1.2.1. Observed Order of Accuracy. The choice of spatial discretization (i.e. the spac-
ing of our sampled points) can effect the apparent P∞ result. Because we are interpolating
between calculated P∞ values (Section 3.6), there will be some loss of fidelity due to the
spatial frequency chosen. Borrowing from the methods employed by CFD mathematics,
we can calculate the spatial observed order of accuracy [82] of the computed solution
and determine whether or not our chosen grid spacing (or element size) is sufficient. Dis-
cretization error (DE) is defined as a function of the grid spacing (h) and is proportional to
hp where p> 0 is the order of the method such that
(54) DE =Chp+HOT
where C is a constant and HOT refers to the Higher Order Terms. As h goes to zero (the
discretization becomes more dense), the first term in Equation (54) dominates.
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Given two solutions, f1 and f2, along with an exact solution, fexact , we can calculate
the discretization errors, DE1 and DE2 where
DE1 = norm2( f1− fexact)
DE2 = norm2( f2− fexact).
Solutions f1 and f2 are calculated at two different grid spacings, h1 and h2 where typ-
ically h2 = 2h1 and the grid refinement factor is defined as r = h2/h1 (typically 2). Given





We know the theoretical order of accuracy of the eKF and, therefore, this method is first-
order (p= 1) so observed orders at or near one are desirable.
6.1.2.2. Acoustic System. Using a single horizontal plane (z= 0.76) of the acoustic system
as an example, we calculate f1, f2 and fexact where h1 is spaced at 0.01 m, h2 is spaced at
0.02 m and hexact calculates exact solutions to P∞ for comparison to the interpolated values
that results from h1 and h2. Figure 6.2 and Figure 6.3 show both the coarse ( f2, DE2) and
fine (h1, DE1) grid solutions next to the exact solution ( fexact) for comparison. Clearly, the
fine solution is closer to the exact solution than the coarse one but both are inexact.
This difference is calculated and shown in Figure 6.4 where we observe maximum
errors of 0.0015 and 0.0039 for fine and coarse gridding respectively. Solving for Equa-
tion (55), we find p= 1.57 so that the global observed order of accuracy of our numerical
solution is acceptable given the first-order solution of the eKF.
6.1.2.3. HiBall System. Again using a single horizontal plane (z= 1.9 m), we can calculate
the observed order of accuracy for a HiBall analysis where h1 is spaced at 0.1 m, h2 is
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FIGURE 6.2. Coarse grid solution vs. the exact solution
FIGURE 6.3. Fine grid solution vs. the exact solution
spaced at 0.2 m and hexact calculates exact solutions to P∞ for comparison to the interpolated
values that results from h1 and h2. Figure 6.5 and Figure 6.6 show both the coarse ( f2, DE2)
and fine (h1, DE1) grid solutions next to the exact solution ( fexact) for comparison. As in
the acoustic example, the fine solution (Figure 6.6) is closer to the exact solution than the
coarse one (Figure 6.5) but both are inexact.
Figure 6.7 shows the difference between both the fine and course solution and the exact
solution. Perhaps unexpectedly, the maximum error from the course solution is 0.000162
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FIGURE 6.4. Difference between two mesh level and the “exact” solution
FIGURE 6.5. Coarse grid solution vs. the exact solution
and the maximum error from the fine solution is 0.000164. However, examination of the
means shows that the mean of the fine solution error is 2.38e− 05, 4.72e-06 less then the
mean of the course solution (2.85e−05).
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FIGURE 6.6. Fine grid solution vs. the exact solution
FIGURE 6.7. Difference between both mesh levels and the “exact” solution
Solving for Equation (55), we find p = 0.08 with gridding (h1) of 0.05 meters. This
does not approach the first-order solution that we know we have and so we need to more
densely sample. Decreasing h1 to 0.01 meters (h2 = 2h1 = 0.02 meters) produces a global
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observed order of accuracy of 0.86, an acceptable observed order of accuracy. Comparisons
of these new coarse and fine interpolations are shown in Figure 6.8 and Figure 6.9.
FIGURE 6.8. Coarse grid solution vs. the exact solution with denser sampling
FIGURE 6.9. Fine grid solution vs. the exact solution with denser sampling
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Figure 6.10 shows the difference between both the fine and course solution and the
exact solution for the denser meshes. Again, the maximum error from the course solution
(0.00018) is greater than maximum error from the fine solution (0.00017). Examination of
the means again shows that the mean of the fine solution error is 2.08e− 005, 4.72e− 06
less then the mean of the course solution (2.58e− 005). While the maximum errors in
the dense mesh solutions are slightly higher than the maximum errors in the sparse mesh
solutions, the means for both the course and and fine meshes are smaller by approximately
2.9e−05.
FIGURE 6.10. Difference between both denser mesh levels and the “exact” solution
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6.2. Measurement-Level Information Optimization
6.2.1. Noise Covariance Error. The equations for the Hamiltonian (ψ) and the DARE
itself (Equations (33), (28) and (27)) reveal a ratio between the process noise covariance,
Q, and the measurement noise covariance, R. In all three cases, we see a Q/R relationship
which indicates that the ratio of Q to R is important in the P∞ result. This relationship is
further specified by examining the derivative of P∞ with respect to A, H, Q and R as shown
in Table 6.1. In order to compute the derivative with an understandable and readable result,
the values of A, H, Q, and R were defined as scalars. While this does impact the result
(i.e. QH2 instead of HQHT ), the overall Q and R relationship is preserved as shown by the
derivatives themselves. Here we see clearly that as Q R, the values in the left columns
of the Hamiltonian, ψ , will increase forcing an increase in the eigenvalues and negatively
impacting the estimated system performance, P∞.
TABLE 6.1. Sensitivity of the Hamiltonian
Process Model dψdA =
 1− QH2A2R − QA2




















Recall that Q is a function of δ t as shown in Equation (23) through Equation (25).
Therefore, one approach to reducing the impact of Q on P∞ is to minimize δ t. The quality
of an approximation improves as δ t decreases and, in Figure 6.11, the effect of increasing
the sampling rate (decreasing δ t) on the example acoustic model is shown for six frequen-
cies from 6 Hz to 200 Hz (δ t range 0.1667 s to 0.005 s) doubling with each increment. The
form of the P∞ result remains constant as pictured but the range of P∞ EigMax values do
change as shown in the colorbars for each frequency. The plot on the right shows that both
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the maximum and minimum EigMax values decrease with δ t and approach the noise floor.
The calculated minimum and maximum EigMax values are shown in Table 6.2.
TABLE 6.2. Values for the (false) impact of changing dt on the Acoustic
System performance
6 Hz 12.5 Hz 25 Hz 50 Hz 100 Hz 200 Hz
EigMaxmin 0.0546 0.0323 0.0231 0.0170 0.0126 0.0095
EigMaxmax 0.2063 0.1460 0.1084 0.0817 0.0622 0.0476
From this one could conclude that driving a tracking system as fast as possible (smallest
achievable δ t) will secure the best performance. While it is true that a smaller δ t will
decrease the P∞ mathematical result and improve the predicted performance, there may be
a price to pay for decreasing δ t. A smaller δ t could effect the operational bandwidth of a
system or reduce the time available for signal processing and acquisition. In other words, as
δ t decrease and Q improves, the measurement noise, R, may be increasing. The potential
consequences of changing δ t on R are several-fold. One is a change in the operational
bandwidth of the circuit electronics and the other is a change in the sampling time that
effects the signal-to-noise ratio (SNR). In either case, reducing δ t will reduce Q but the
effect on the more important Q/R ratio depends upon the relationship between the two
noise curves (Q and R) as a function of time or frequency.
6.2.1.1. Measurement Noise vs. Bandwidth. One consequence of a changing δ t could call
into question the noise model from which we generate R. Sampling rate (δ t) determines
the frequency range (or bandwidth) which can be represented in a digital waveform. Sig-
nals sampled at a high sampling rate can represent a broad range of frequencies and hence
have broad bandwidth. The maximum bandwidth of a sampled signal is determined by
the sampling rate since the maximum frequency representable in a sampled waveform (the
Nyquist frequency) is equal to one half the sampling rate. In an effort to capture higher
frequency signal content, an increase in the sampling rate might be necessary. Prior to sig-
nal sampling (or digitization), analog signal conditioning occurs. These analog electronics
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FIGURE 6.11. The (false) impact of changing dt on the Acoustic System performance
impose a frequency band that limits the frequency content of the signal, typically a low-
pass band which filters out high frequency signal content. This circuit corner frequency
(the bandwidth of the circuit) is designed to handle a signal given the signal bandwidth and
so simply increasing the sampling rate may not achieve the desired result. A change to the
circuit design could be required and this change could change the corner frequency which
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effects the noise model. Noise models are created given a specific bandwidth, B, and the
electronic noise voltages and currents depend on this bandwidth. In general, the greater the
bandwidth, the greater the electronic noise. So, even though the noise values used in the R
matrices presented here may be constant scaler values or dependent on the distance the sig-
nal must travel, there is an inherent frequency/time component. In other words, the scalar
value or the multiplier used to compute R is valid for a particular bandwidth or frequency
range but not all bandwidths.
Noise is best characterized by the Fourier transform of the time-varying fluctuations
in electric current, which is called the noise spectral density [31]. Noise spectral density
is the average noise in a 1Hz bandwidth centered at frequency f Hz and c is a constant
amplitude. Therefore, electronic noise is often measured in V/
√
Hz (volts per root-Hertz)
or A/
√
Hz (amperes per root-Hertz) because the actual noise generated is dependent upon
the operational bandwidth. Typical noise models include noise sources arising from white
noise components (Table 6.3) such as thermal noise in resistors (Johnson noise) and shot
noise due to random fluctuations in the motion of charge carriers in a photodetector junction
(i.e. current flow) along with component noise (Figure 6.12).
TABLE 6.3. Electronic Noise Sources
[volts] [amperes]
Johnson Noise Vnoise(rms) =VnR = (4kTRB)
1
2 Vnoise(rms) =VnR = (4kTBR )
1
2
Shot Noise Inoise(rms) = InR = (2qIdcB)
1
2Re Inoise(rms) = InR = (2qIdcB)
1
2
In Table 6.3, it is clear that both Johnson and shot noises are a function of B. The other
values are constants (Boltzmann’s (k) and electron charge (q) ), T is temperature, and I is
current. Figure 6.12 shows an example of a typical noise voltage (Vn) curve found in a data
sheet. The curve on the left clearly shows thatVn depends upon the frequency or bandwidth
of the noise along the horizontal axis. Note that the vertical axis units for Vn are µV/
√
Hz.
An important point here is to note the 1/f corner frequency of the input noise voltage. From
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the shape of the Vn curve, we can observe that Vn( f ) ∝ 1f which is clearly not Gaussian
white noise as it is frequency dependent. However, at sufficiently high frequencies (those
above the corner frequency), we can treat this Vn as normally-distributed white noise.
FIGURE 6.12. Noise Density of the LT1124CSB op amp
In all three cases (thermal, shot and component), the noise is a function of bandwidth
which could be impacted by a change in δ t. Decreased δ t could mean an increase in
bandwidth which would force a change in R.
6.2.1.2. Measurement Noise vs. Process Noise. A second potential impact of shortening
or lengthening δ t is its effect on the time available for the signal sampling interval. Once
we have a noise model at the component level as described in Section 6.2.1.1 and with more
detail in [25], we need to account for any additional signal processing that might occur such
as averaging as seen in CCD dwell time in an optical system like the HiBall or the length
of the correlation window in an acoustic tacker. Since the signal integrates (or averages)
linearly with time while the noise integrates with the square root of time (see above), the
longer the sample window, the better the signal to noise ratio becomes. However, the
penalty paid for a longer sampling window is increased uncertainty in pose estimation
due to user motion as described in the statistical representation of the user motion, Q.
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The potential user motion noise increases as the measurement noise decreases over a δ t
interval. A well-behaved averaging system will operate at or before the “Q−R crossover”
where the signal-to-noise ratio can be maximized such that the process noise, Q, does not
overwhelm the measurement noise, R. A system that employs instantaneous measurement
devices (such as inertial sensors) will not be subject to the effect of the Q−R crossover as
described here and will see improved performance by minimizing δ t in order to sample as
quickly as possible. For an example of a Q-R crossover analysis, see the HiBall Case Study
in Section 7.3.1.
In work subsequent to that presented here and at the defense, we determined that the
minimum of the (Q+R) curve is the optimal operating point for averaging systems [99].
This is shown in the green curve labeled R+HQHT in Figure 7.7 of Section 7.3.1.
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CHAPTER 7
The HiBallTM System: A Case Study
In this case study, I will apply the techniques presented in Section 6 to a working
tracking system, the HiBall manufactured by 3rdTech, Inc. Figure 7.1 shows the HiBall-
3000 ceiling beacon arrays, the HiBall-3000 sensor and a typical head-tracking application.
FIGURE 7.1. The HiBall-3000
Specifically, the HiBall-3000 Tracker housed in the computer science department at
UNC Chapel Hill was used to gather sensor data for this study. The HiBall was conceived
and developed at UNC and the close relationship between the computer science department
and 3rdTech permitted an “under the hood” access that I could not have gained anywhere
else. I was able to modify source code to access internal filter parameters during runtime
and 3rdTech graciously contributed their time and insight to helping me understand the
inner workings of the HiBall software.
7.1. The HiBallTM System at Non-Zero Rotations
In Section 5, the performance of the HiBall system was compared to and validated
against the P∞ predicted performance. As noted in Section 5, this validation process forced
an artificial configuration of the HiBall system, one element of which is the zero rotation of
the HiBall sensor throughout the validation experiments. In a real human tracking applica-
tion, the target and HiBall sensor rotation would not be static and the tracking performance
would be effected. To illustrate the behavior of the HiBall at other rotations, P∞ predicted
performance estimates for rotations of 10◦, 20◦, and 30◦ around each individual axis (x, y,
and z) in the full-ceiling configuration at a height of z= 1.9 m (approximately head height)
were generated across one corner of the ceiling. An area of nine square meters defined by x
from 3.0 meters to 6.0 meters and y from 6.0 to 9.0 meters was analyzed. As with the zero-
rotation analysis, this area stretches from the near-center of the tracked space (x=3.0 and
y=6.0) to the edge of the HiBall ceiling and the room itself (x=6.0 and y=9.0) and matches
the area observed with the actual HiBall system as shown in Figure 5.2. Visualizations of
these results are shown in Figure 7.2, Figure 7.3, and Figure 7.4, respectively.
In each figure, we observe that the overall shape of the performances at head-height
is similar to those at zero rotations shown in Chapter 5. We can also observe that, for
all three axes, the predicted performance improves as we move away from zero degrees.
The value ranges for all rotations are shown in Table 7.1. We observe that the range at
all rotations are larger then the zero-rotation [0.182, 0.263] mm range and that all show
improved performance over zero-rotation towards the venter of the analyzed area. We also
observe performance degradation at the ceiling edges. Both the improvement and degrada-
tion can probably be attributed (at least in part) to the HiBall sensor rotation. When rotated
or turned towards the center of the tracked ceiling, more LEDs are visible and, conversely,
when turned towards the edge of the ceiling and as the ceiling edge is approached and the
sensor views extend beyond the ceiling edge, fewer LEDs are visible.
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FIGURE 7.2. HiBall P∞ estimates rotated 10, 20 and 30 degrees (top to
bottom) around x-axis.
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TABLE 7.1. HiBall performance estimate ranges [mm] for rotations of 10◦,
20◦ and 30◦ around the x, y (horizontal) and z (vertical) axes
\ [mm] x-axis x-axis y-axis y-axis z-axis z-axis
degrees min max min max min max
10◦ 0.178 0.283 0.171 0.275 0.179 0.281
20◦ 0.157 0.286 0.154 0.271 0.171 0.277
30◦ 0.133 0.254 0.126 0.266 0.150 0.274
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FIGURE 7.3. HiBall P∞ estimates rotated 10, 20 and 30 degrees (top to
bottom) around y-axis.
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FIGURE 7.4. HiBall P∞ estimates rotated 10, 20 and 30 degrees (top to
bottom) around z-axis.
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7.2. System-Level Information Optimization
In Section 5.1.1.1, the HiBall performance was validated in both the full (operational)
and sparse ceiling configurations. Figure 7.5 juxtaposes the validated performance of the
current HiBall in both the full- and half-ceiling configurations in a horizontal plane of
approximately head-height (1.9 meters) at zero rotation. A side-by-side comparison reveals
that the highest penalty paid for halving the number of ceiling LED rows is at the lower
end of the performance spectrum and on the ceiling edge. In the full ceiling configuration,
the performance ranges from 0.18 mm of error to 0.26 mm, a range of only 0.08 mm. In
the half ceiling configuration, the performance ranges from 0.18 mm of error to 0.47 mm,
increasing the performance range to 0.29 mm. The best performance (-3.74 log meters =
0.18 mm) remains unchanged between the two configurations while the low performance
number degrades by only 0.22 mm from 0.26 mm to 0.48 mm. In the more central locations,
the performance range widens only slightly with the most noticeable difference in the form
or shape of the performance where we see a marked LED row pattern in the half-ceiling
configuration.
This tells us that the number of strips could probably be reduced or a greater area cov-
ered with the same number of strips in future while maintaining sub-millimeter accuracy in
future HiBall configurations. The sparse (or half) ceiling configuration was chosen because
this was a configuration that could be duplicated in a commercial HiBall system without
moving ceiling strips so that the full HiBall tracking system could remain operational for
other users.
However, we can examine any conceivable ceiling configuration through P∞ analysis to
determine how many ceiling strips can be disabled before a suffering a serious performance
hit. We can consider other LED arrangements such as a checkerboard pattern than rather
than a row pattern. The resulting P∞ analysis of this ceiling configuration is shown in
Figure 7.6.
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FIGURE 7.5. Full (upper) and Half (lower) Performance with Current (6
LEPD) HiBall Configuration
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FIGURE 7.6. P∞ results for the “checkerboard” ceiling strip pattern
118
Initially, given the performance metric range of [−2.75,−3.73] log meters ([1.7780.186]
mm) on the top in Figure 7.6, it might appear that this configuration does not perform as
well as the half-ceiling configuration in Figure 7.5. However, as a result of the checker-
boarding, the strip at the outer corner (located at approximately [x,y]=[6,9] was eliminated
and so we see a spike (i.e. a decline) in performance at that location. Narrowing the surface
to exclude the outer corner (on the bottom in Figure 7.6), we find performance numbers that
are very close to those in the full-ceiling configuration in Figure 7.5. Even though the same
number of strips in total are used in the checkerboard-ceiling configuration as are used in
the half-ceiling configuration, the row demarcation visible in the half-ceiling configuration
is missing from the checkerboard-configuration and instead we observe a diagonal flow in
the form reminiscent of the full-ceiling configuration. Using the checkerboard-ceiling con-
figuration appears to have eliminated the location of the strips as the dominate influence
on performance in favor of the influence of the HiBall sensor rotation. This two observa-
tions (dominating influence on performance and performance value range) suggest that the
checkerboard-ceiling will outperform the half-ceiling configuration even though the same
number of ceiling strips (half) are used in both configurations.
7.3. Measurement-Level Information Optimization
7.3.1. HiBallTM Sample Time. Using the analysis technique presented in Section 6.2.1 1,
the Q−R crossover point for the HiBall system can be calculated. Assuming no changes
in the operational bandwidth dictated by the topology of the circuit (Section 6.2.1.1), we
can focus on the dark-light-dark operation of the lateral effect photo-diode (LEPD) used to
detect the centroid of light in two dimensions on the LEPD. The HiBall system differences
repeated samples over dark-light-dark cycles. An integration (or “light”) time, i, is set from
one to fifteen LED clock cycles as determined by the distance from the HiBall to the sighted
LED (greater distance means longer integration time for improved SNR). In all cases, the
1see update re: subsequent work on 109
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sum of the two dark times is chosen to equal the light time. For example, if i = 4 (the
LED is on for 4 clocks), then the HiBall first samples for 2 clocks with the LED off, then
4 clocks with the LED on, then 2 with the LED off. In short, the HiBall system differences
−2D+ 4L− 2D. If the light cycle is an odd length such as i = 5, then the “extra” dark
cycle is added at the end so that the HiBall system differences −2D+ 5L− 3D. In both
cases (odd and even) the iterative result is dark-light cycles with i light cycles followed by
i dark cycles followed by i light cycles, etc. for any given i. Given a clock cycle of 21µs
and allowing for filter processing time, δ t for a given i is calculated as
(56) δ t = 325+(303+2∗ i∗21) µs
as per information from 3rdTech, Inc.
Chi [25] provides a function for calculating the mean and RMS uncertainty of the opti-
cal centroid on the LEPD given key parameters including integration time, noise densities,
etc. Using this formula with updated parameters as required due to component substitution
and the timing described in Equation (56), we can calculate this uncertainty (i.e. R) due to
SNR at various integration times as dictated by i. We can also calculate the Q matrix for
each δ t value where, for the HiBall system,
(57) QHiBall =

1/3qpxydt3 0 0 1/2qpxydt2 0 0
0 1/3qpxydt3 0 0 1/2qpxydt2 0
0 0 1/3qpzdt3 0 0 1/2qpzdt2
1/2qpxydt2 0 0 qpxydt 0 0
0 1/2qpxydt2 0 0 qpxydt 0
0 0 1/2qpzdt2 0 0 qpzdt

120
for the state state position variables [x y z x′ y′ z′]where qpxy= 0.2617824020272
and qpz= 0.08153441672 as per the HiBall software.
Figure 7.7 shows a plot of both the measurement noise and potential noise curves over
a range of δ t values. The crossover point occurs at δ t = 0.993 ms or approximately 1007
Hz. This suggests that the HiBall system could operate with improved estimation accuracy
by limiting the update rate to 1007 Hz. Note that 1007 Hz is approximately equivalent to an
integration time of eight clock cycles suggesting that allowing for integration times of nine
and above, while improving the measurement noise, may adversely effect overall system
performance. We also observe the minimum summed (R+HQHT ) noise value of 1.564e−
004 occurs at approximately δ t = 0.964 ms (1037 Hz). Sampling faster then this pushes
the measurement noise into the non-linear “knee” of the curve towards a sharp increase and
so we might see a negative impact on overall performance at sampling rates higher than
1037 Hz. This suggests that optimal HiBall performance will be achieved at integration
times greater than i = 6 but less than i = 9 (i.e., between minimum summed (R+HQHT )
and the Q-R crossover). Note that the current HiBall system uses and integration time of
i= 8 at the analyzed ceiling height (i.e. approximate distance from the HiBall to the sighted
LED) and so is operating in this optimal range.
This analysis applies for both the P- and PV-models used in the multi-modal Kalman
filter implemented in the HiBall system. Figure 7.8 shows the previous PV analysis along-
side the crossover point of an example P motion model. With this P motion model, the
crossover point occurs later in time at approximately δ t = 1.5 ms allowing for more than
the maximum 15 cycle integration time currently employed by the HiBall system.
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FIGURE 7.7. Analysis of HiBall measurement noise vs. potential process noise
7.4. System-Level Redesign Prediction
P∞ analysis can be used to predict the performance for a redesign of the HiBall sensor.
Prediction is defined as the use of a computational model to foretell the state of a system
under conditions for which it has not been validated [2]. Prediction enables one to make
inferences based on validation evidence but not claims regarding the accuracy of predictions
[72].
The HiBall sensor has six LEPDs and six lenses each with a narrow six degree (6◦) field-
of-view (FOV) and a persistent question of interest regarding the HiBall tracking system
has been what effect a wide FOV (WFOV) would have on the HiBall performance. Would
this effect be such that the number of LEPDs and lenses could be reduced in order to
the reduce the size and weight of the HiBall sensor. Figure 7.9 shows the mechanical
configuration of the current HiBall sensor. There are six LEPDs and six accompanying
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FIGURE 7.8. Analysis of HiBall measurement noise vs. potential process
noise for P and PV motion
lenses such that each LEPD has a paired lens directly across from it on the opposite side
of the HiBall housing. These are the six primary views of the HiBall. Additionally, each
LEPD can see through some of the side lenses (secondary views) resulting in twenty-six
total views.
Figure 7.10 shows the top and side views of the LEPD locations of the current HiBall
sensor (as-designed) and a proposed reduced-view HiBall. In this reduced-view HiBall,
the center LEPD is preserved and the five perimeter LEPDs spaced at 72◦ apart have been
reduced to three equally-spaced (120◦ apart) ones. Shifting the lenses in the same way, we
now have 4 primary views for a total of 12 views if the secondary views are included.
Using the HiBall model, the predicted performance of a WFOV HiBall in both its cur-
rent 6-LEPD configuration and a proposed reduced 4-LEPD configuration can be gener-
ated. We will again examine a horizontal plane at approximately head-height (1.9 meters)
at zero rotation just as in Section 5.1.1.1. These predictions assume the same noise and
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FIGURE 7.9. The HiBall Sensor LEPD Configuration [106]
motion models as the previous analysis in Section 5.1.1.1 and actual HiBall system but
with twice the FOV as the current as-built HiBall sensor. The number of LEDs included at
each sampled point was kept unchanged for ease of comparison.
7.4.1. Current 6-LEPD Configuration. Figure 7.11 shows Artemis’ P∞ prediction for
the performance of a WFOV HiBall sensor in the existing six LEPD configuration with
both full- and half-ceilings. Interestingly and perhaps unintuitively, the prediction points to
a slight deterioration in performance. The full-ceiling performance estimate value range is
nearly identical to the waist-height performance estimate of the current HiBall (Figure 5.3).
The waist-height analysis is at twice the distance from the ceiling as the head-height analy-
sis, moving the ceiling further down the view frusta which would enable the HiBall sensor
to see a wider patch of LEDs. This is the same patch of LEDs that would be visible at
head-height with double the FOV.
The current HiBall system randomly selects an LED from a group of visible LEDs at
each measurement update. By widening the FOV, the number of visible LEDs has indeed
increased but the newly visible LEDs will be further away than those visible in 6◦ FOV
effectively diluting the pool of visible LEDs with less desirable “far” ones. If the HiBall
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FIGURE 7.10. Current (6 LEPD on top) and Proposed (4 LEPD on bottom)
HiBall LEPD configurations with sensor top view on the left and sensor side
view on the right
software were modified to discriminate between the near and far visible LEDs, choosing
the closer ones when available and the farther ones as needed, it might preserve the better
performance in the central locations (under the ceiling) and improve performance towards
the ceiling edges or in rotations where some of the views are occluded.
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As expected, we find some degradation in WFOV performance from the full- to half-
ceiling configuration and, again, we find that the real penalty is at the low end of the perfor-
mance spectra. The best performance estimate remains at approximately −3.53 log meters
(meters) but the performance bottoms out at−3.15 log meters as opposed to−3.37 log me-
ters with the full ceiling. Closer inspection reveals that most of this low-end penalty is at
the edge of the ceiling where the number of visible LEDs begins to decline. Performance in
the more central positions is comparable between the full- and half-ceiling configurations
with a bit more variation due to the ceiling rows of LEDs clearly visible in the half-ceiling
performance estimate.
7.4.2. Proposed 4-LEPD Configuration. Figure 7.12 shows Artemis’ P∞ estimate of a
WFOV HiBall with reduced LEPDs (4 in total). In the full-ceiling configuration there is
little penalty with respect to the current 6-LEPD configuration for reducing the number of
LEPDs and views. We do see a significant penalty in the half-ceiling configuration at the
ceiling edge with uncertainly on the order of 2 mm. In both configuration we observe a
noticeable decline in performance at approximately 8 m in the y-direction probably due to
the reduction of visible LEDs as the edge of the ceiling draws nearer.
Figure 7.13 shows the effect of reducing the number of views to primary only for a
total of four views. Once again, we see little effect in the more central portions of the
ceiling. However, the effect at the ceiling edge is marked but, overall, no worse than
the performance at the ceiling edge in the half-ceiling configuration with secondary views
(Figure 7.12).
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FIGURE 7.11. Full (top) and Half (bottom) Performance with current (6
LEPD) WFOV HiBall configuration at 1.9 meters
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FIGURE 7.12. Full (top) and Half (bottom) Performance with proposed (4
LEPD) WFOV HiBall configuration using primary and secondary views at
1.9 meters
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FIGURE 7.13. Full (left) and Half (right) Performance with proposed (4





Currently, the P∞ method has been applied using evenly-spaced gridding or meshes. In
CFD, mesh generation is a complex step in the computation process where the meshes are
tighter (dense sampling) in areas of dynamic change and looser (less dense) in more static
areas. These techniques could be applied to generate efficient meshes that support appro-
priate observed orders of accuracy. This would permit Artemis to take advantage of areas
of continuity within any global analysis and sample as needed in areas of discontinuities
such as where camera frusta overlap.
We would like to decrease P∞ computation time using parallel, adaptive, demand-driven
computation [69] to improve system responsiveness for realtime interaction.
The “measurement-level analysis” presented in Section 6.2 was created and performed
after the P∞ analysis had been completed and so is not included in the framework at this
point. Further analysis is required to look at issues such as stability but, eventually, we
would like to add this analysis capability to the framework for inclusion in Artemis or its
next incarnation.
We would like to incorporate the generation and visualization of the derivatives of P∞
with respect to parameters such as FOV or rotation for sensitivity analysis.
Perhaps the most challenging part of creating a model for P∞ analysis is determining the
motion model, Q. While the current Artemis system does provide default motion models,
we would like to investigate a tool for the creation of user-defined motion models. Perhaps
one that would enable a user to describe the motion in an intuitive way and then generate
an appropriate Q.
Eventually we’d like to make a repository of process and measurement models to use
as building blocks in system design and analysis.
8.2. Applications
We would like to continue applying the framework for more validation with real sys-
tems, especially those other than acoustic and optical, and use it in a design effort (as
opposed to validation).
We would be grateful for the opportunity to work with 3rdTech, Inc. to see if any of the
conclusions drawn here could be implemented and improve system performance. We are
especially interested to knowwhether limiting the number of integration cycles as described
in Section 6.2.1.2 could improve performance at longer distances from the ceiling.
We would like to apply Artemis (or the ideas embodied in it) to the computer vision
domain. Device questions like how well light reflecting from a surface can be resolved
using a camera and how well light can be targeted at a point on a surface using a projective
device could be addressed and analyzed.
Just as projectors are used to actively inject signal rather than sense it, we would like to
apply Artemis to control system analysis. The control of a robotic arm for example shares
complementary physical characteristics: the state of the tip of the arm, and the uncertainty
(information) with which it is placed. Just as one wants their tracking or computer vision
system to be operating in the peak areas of sensor information as much as possible, one
would want the tip of a robotic arm operating near information peak.
There is on-going research at NASA into rendezvous and docking systems. One exam-
ple is Demonstration of Autonomous Rendezvous Technology (DART) [44] which deter-
mines the relative positions and attitudes between an active sensor and the passive target
at ranges up to 300 meters. Brat et al. [17] are exploring how advanced V&V techniques,
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such as static analysis, model checking, and compositional verification, can be used to gain
trust in model-based systems. I believe that Artemis could play a role in the modeling of
these autonomous systems and NASA Langley Research Center (LaRC) management has
expressed interest in its application.
8.3. New Ideas
At SIGGRAPH 2006, Raskar et al. [81] presented a method for handling motion blur
caused by moving objects in a single exposure photograph. Assuming an object with con-
stant speed (a first-order motion model), the “flutter” the camera’s shutter open and closed
at random intervals rather than hold the shutter open during the exposure time. This allows
for the recovery of the moving and stationary objects in the scene using deconvolution.
It would be interesting to see whether something like this could be applied to the HiBall
system. If we could back out the smear or blur caused by the target moving during a δ t,
the result could be longer LEPD dwell/integration times and better overall performance.
8.4. Statistical Power Analysis
What follows is work for The HiBall System Case Study Chapter 7 that was not mature
enough to defend and include in the body of the dissertation. However, a good bit of
thought and analysis has been accomplished and is included here as future work so that the
idea is not lost.
8.4.1. Z-test. The central limit theorem tells us that, given a sufficient number of samples
(N → ∞) of a normally-distributed signal with known mean and variance, the distribution
of the sample will approach a normal distribution with the same mean and variance as the
signal [12]. Since we cannot sample infinitely, a question often asked in statistical analysis
is how many samples (N) are necessary to achieve a sampled representation of a signal (or
a population) with the same variance and mean within some delta of the known variance
and mean. This difference between the two means is called effect size. Statistical power
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analysis [27] provides a method for estimating the required number of measurements, effect
size, mean, variance, and confidence intervals (α and β ) using the statistical Z-test. The
Z-test is a statistical test which determines if the difference between a sample mean and
the population mean (i.e. the expected signal mean in this case) is large enough to be
statistically significant. We test this stating a hypothesis such as “sample mean equals
population mean” or “sample mean less than population mean”.
8.4.2. Number Samples. How many data samples are required so that the distribution
of sampled data will match that of the expected signal distribution within an acceptable
margin of error? In this case, the hypothesis would be that the expected signal mean and
the sampled mean are equal such that µ0 = µ1 where µ0 is the expected mean and µ1 is the
sample mean. α is the risk of assuming that there is a difference between the two means
when in fact there is not (a false positive) and β is the risk of concluding that a difference
does not exist when in fact a difference does exist (a false negative). β determines power,
as in power analysis, and power is defined as 1−β . Typical values for α and 1−β (power)
are 0.05 and 0.80, respectively. This means that the probability of a false positive is 5%
and the probability of a false negative is 20% (i.e. β ). In the literature, the power analysis




Note that instead of α and β , Equation (58) contains Zα/2 and Zβ , the critical values for α
and β for the statistical Z-test. These critical values can be determined by look-up and a
standard normal distribution (Z-test) table is included in the appendix (Section D).
8.4.3. Effect Size. Given known mean, variance, sample size and confidence intervals
(α = 0.05 and β = 0.20), we can determine how much deviation from the “truth” mean
we can expect throughout a range of sampling rates. The effect size (ES = µ0− µ1) is
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simply a measure of the difference between the known mean and the mean that we will
measure. Equation (58) designates N as the dependent variable but with simple algebra we
can calculate the effect size instead as





8.4.4. HiBallTM Power Analysis. During a dark-light-dark cycle, the HiBall takes a sin-
gle sample (N = 1) with expected variance (σ2) over a varying time, δ t, which is a function
of the number of integration cycles, i, such that δ t = f (i). Despite knowing the signal vari-
ance, we cannot estimate the exact value of a single measurement of a random signal. Any
single measurement could be the mean (µ), one sigma (σ ) or many sigmas away from the
expected value of the signal (i.e. the mean, µ). In the current operation of the HiBall sys-
tem, a single measurement is taken per measurement update and while this measurement
value is probably within one sigma, we might be able to acquire a better representation of
the normal distribution of the signal (and thus the mean) with multiple samples. Will the
expected performance improve if i individual samples were averaged in place of a single
i-duration clock cycle sample even though we know that the shorter samples will be noisier
(Section 6.2.1.2)?
In the case of the HiBall system, we know that N = 1 regardless of integration time.
To simplify analysis, we can choose an LED directly above the HiBall sensor so that the
centroid of light will fall directly in the center of the center LEPD and so the mean (µ0)
is zero (recall that the LEPD sensor readings are [-1,1]. The data shown in Figure 7.7
is the noise in mm we expect for the centroid of light on the HiBall LEPD for a given
sample/integration time, δ t = f (i).
The values of α = 0.05 and 1−β = 0.80 correspond (by lookup) to Z critical values
of 1.96 and 0.84 respectively such that Zα/2 + Zβ )2 ' 7.9. We use (Zα/2 because we
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want to know whether the signal and sampled means are equal as opposed to a directional
operator such as ≤ or > in which case we would use Zα . Given these critical values, we
can calculate the effect size for a range of δ t values as shown in the upper (solid blue) curve
labeled “Effect Size for N=1” in Figure 8.1.
FIGURE 8.1. Effect Size per HiBall Dark-Light-Dark Sample Period from
two-sided statistical power analysis
Here we find that the effect size ranges from 0.018 to 0.042 or from 0.9% to 2.1%
of the LEPD output range of 2 (−1 : 1). If we limit our findings to the region below the
Q−R crossover point, we find that the effect size minimum increases to 2.52 or 1.2% of
the LEPD range.
We can use statistical power analysis to predict the effect size if, instead of integrating
over the entire light cycle for a single measurement, we averaged i measurements over the
light cycle. For example, if i = 2, we can measure two light-dark-light cycles of length
i in a single δ t. To predict the effect size of this change, we use the calculated variance
of a single light-dark-light cycle (σ2 = 4.22e− 005) to compute the effect size at N = 2.
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Calculating for a range of N, we find that the effect size decreases as shown in the lower
(circle-marked green) curve labeled “Effect Size for N=i” in Figure 8.1.
Even with the penalty of the higher variance for a one-cycle integration time, we ob-
serve that effect size decreases to a minimum of 0.007 (0.38%) as the number of samples
per δ t increases. This suggests that the HiBall system might operate with greater accuracy
by acquiring multiple light-dark-light samples per filter iteration (δ t) in order to achieve a
more statistically normal measurement. The actual N that could be used will be limited by
the physical constraints of the hardware itself.
8.4.4.1. Number of Samples. Using Equation (58), we can also solve for the number of
samples required for the two means to be separated by some predetermined effect size. If a
10% effect size (±0.2) is acceptable then a single sample (N = 1) is all that is required. A
1% effect size increases N to 9 samples for i= 1 and 3 samples for i= 15. Recall that the
signal variance (i.e. noise) decreases as i increases and so fewer samples are required for the
same effect size when i= 15 than when i= 1. Were we able to integrate for 30 clock cycles,
only 2 samples would be required. An effect size equivalent to 0.1% requires hundreds
of samples regardless of the chosen integration time and so is currently not achievable.
Figure 8.2 shows the number of samples required for HiBall integration clock cycle counts
of 1≤ i≤ 30 for various net effect sizes ranging from 0.5% to 5.0%. Note that only values
to the to the left of 15 integration cycles on the horizontal axis are achievable by the current
HiBall system. Therefore, effect sizes from 5.0% down to 1.0% are achievable and 0.5% is
achievable for i≥ 2.
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FIGURE 8.2. Number Samples required per HiBall Dark-Light-Dark Sam-
ple Period for various net effects
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HiBall Noise Model [25] in Matlab
clear syms v0 f0 f tau T T0 positive
Rx_tau = (pi*v0^2*f0)*exp(-2.0*pi*f0*abs(tau));
var_Dx1 = 2.0*Rx_tau*(T-tau); % 1st integral in var_Dx
var_Dx2 = Rx_tau*(tau-T0); % 2nd integral in var_Dx




var_Dx_sym = (2.0/T^2)*( D1-D2-D3);
x=0.5; phi=60.0;ds=3.0;rf=2.0e5;vn=4.5e-9;in=6e-13;f0=1.6e5;T0=2e-5; %from the TM
%x=0.5; phi=0.0;ds=1.0;rf=2.0e5;vn=4.5e-9;in=6e-13;f0=1.6e5;T0=2e-5; %1m directly below an LED
%f0 = 0.0;
dt_array=20:20:2000;
% insert a number very close to zero as first independent variable in time
%dt_array = [0.001 dt_array];
dt_array=1e-6*dt_array;
X_est_array = zeros(length(dt_array),2);
[v1,v2] = calc_v (x, phi, ds, rf, vn, in);
[v1d,v2d] = calc_v (-1.0,0.0, 1.0, rf, vn, in);
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S1 = v1.v1s; S2 = v2.v2s;





% precision problems with very large exp values so use "vpa"
N1 = subs(expand(vpa(var_Dx_sym,64))); %var_Dxs(v1.v1n,f0,T0,T,Rx_tau);
N1 = sqrt(subs(N1));
v0=v2.v2n;
N2 = subs(expand(vpa(var_Dx_sym,64))); %var_Dxs(v2.v2n,f0,T0,T,Rx_tau);
N2 = sqrt(subs(N2));
X_s = (S1-S2)/(S1+S2);
X_n = 2.0 * (sqrt((N1*S2)^2 + (2.0*N1*S2*N2*S1) + (N2*S1)^2)) / (S1+S2)^2 ;




fprintf(’X_est = %g = 0.001751273 ? \n’,X_est_array(5,2));
figure; plot(dt_array,X_est_array(:,2));
xlabel(’dt’); ylabel(’X_n’);
title(’HiBall RMS uncertainty of estimated position’);
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% Calculate and show preamp output signal and noise for various parameters
% function [] = vo(x, phi, ds, rf, vn, in, f0)
function [v1,v2] = vo(x, phi, ds, rf, vn, in, f0)
fprintf(’============= vo =================\n\n’);
[v1,v2] = calc_v (x, phi, ds, rf, vn, in);
[v1,v2] = show_v(f0, v1, v2) ; fprintf(’\n’);
% Examples
% vo(-1.0, 0.0, 1.0, 2.0e5 4.5e-9 6.0-13 1.6e5) % dark current
% vo( 0.5, 60.0, 3.0, 2.0e5 4.5e-9 6.0-13 1.6e5) % 3.0 [m], 60 [deg]
% vo( 0.0, 0.0, 0.6, 2.0e5 4.5e-9 6.0-13 1.6e5) % 0.6 [m], 0 [deg]
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% Display values of signal and noise for bandwidth f0 or spot noise if f0=0
function [v1,v2] = show_v(f0, v1, v2)
fprintf(’============== show_v ================\n\n’);









v1.v1sh = v1.v1sh*f0; v1.v1vn1 = v1.v1vn1*f0;
v1.v1in1 = v1.v1in1*f0;
v1.v1iti = v1.v1iti*f0;
v1.v1vtf1 = v1.v1vtf1*f0; v1.v1vn2 = v1.v1vn2*f0;
v2.v2s = v2.v2s; v2.v2n = v2.v2n*f0;
v2.v2sh = v2.v2sh*f0;
v2.v2vn2 = v2.v2vn2*f0; v2.v2in2 = v2.v2in2*f0; v2.v2iti =
v2.v2iti*f0; v2.v2vtf2 = v2.v2vtf2*f0;
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v2.v2vn1 = v2.v2vn1*f0;
fprintf(’(spot noise equivilent at f = %g Hz): \n\n’, f0);
fprintf(’v1s = %g\n’ ,v1.v1s);
fprintf(’v1n = %g\n’ ,v1.v1n);
fprintf(’v1sh = %g\n’ ,v1.v1sh);
fprintf(’v1vn1 = %g\n’ ,v1.v1vn1);
fprintf(’v1in1 = %g\n’ ,v1.v1in1);
fprintf(’v1iti = %g\n’ ,v1.v1iti);
fprintf(’v1vtf1 = %g\n’ ,v1.v1vtf1);
fprintf(’v1vn2 = %g\n’ ,v1.v1vn2);
fprintf(’\n’);
fprintf(’v2s = %g\n’ ,v2.v2s);
fprintf(’v2n = %g\n’ ,v2.v2n);
fprintf(’v2sh = %g\n’ ,v2.v2sh);
fprintf(’v2vn2 = %g\n’ ,v2.v2vn2);
fprintf(’v2in2 = %g\n’ ,v2.v2in2);
fprintf(’v2iti = %g\n’ ,v2.v2iti);
fprintf(’v2vtf2 = %g\n’ ,v2.v2vtf2);




The Standard Normal Distribution (Z-Statistic)
Values α in the body of the table are the probability that z is greater than the positive
value zα given in the left and top margins. For example, to find z0.025, we locate 0.025 in the
table (circled) and find that it corresponds to 1.90 in the left column and 0.06 in the upper
row. Summing these two number, we get 1.96, the critical value for z0.025. Locating 0.20
in the table and summing the values found in the left and top margins returns the values for
z0.200 = 0.84.
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Z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.50000 0.49601 0.49202 0.48803 0.48405 0.48006 0.47608 0.47210 0.46812 0.46414
0.1 0.46017 0.45620 0.45224 0.44828 0.44433 0.44038 0.43644 0.43251 0.42858 0.42465
0.2 0.42074 0.41683 0.41294 0.40905 0.40517 0.40129 0.39743 0.39358 0.38974 0.38591
0.3 0.38209 0.37828 0.37448 0.37070 0.36693 0.36317 0.35942 0.35569 0.35197 0.34827
0.4 0.34458 0.34090 0.33724 0.33360 0.32997 0.32636 0.32276 0.31918 0.31561 0.31207
0.5 0.30854 0.30503 0.30153 0.29806 0.29460 0.29116 0.28774 0.28434 0.28096 0.27760
0.6 0.27425 0.27093 0.26763 0.26435 0.26109 0.25785 0.25463 0.25143 0.24825 0.24510
0.7 0.24196 0.23885 0.23576 0.23270 0.22965 0.22663 0.22363 0.22065 0.21770 0.21476
0.8 0.21186 0.20897 0.20611 0.20327 0.20045 0.19766 0.19489 0.19215 0.18943 0.18673
0.9 0.18406 0.18141 0.17879 0.17619 0.17361 0.17106 0.16853 0.16602 0.16354 0.16109
1.0 0.15866 0.15625 0.15386 0.15151 0.14917 0.14686 0.14457 0.14231 0.14007 0.13786
1.1 0.13567 0.13350 0.13136 0.12924 0.12714 0.12507 0.12302 0.12100 0.11900 0.11702
1.2 0.11507 0.11314 0.11123 0.10935 0.10749 0.10565 0.10383 0.10204 0.10027 0.09853
1.3 0.09680 0.09510 0.09342 0.09176 0.09012 0.08851 0.08691 0.08534 0.08379 0.08226
1.4 0.08076 0.07927 0.07780 0.07636 0.07493 0.07353 0.07215 0.07078 0.06944 0.06811
1.5 0.06681 0.06552 0.06426 0.06301 0.06178 0.06057 0.05938 0.05821 0.05705 0.05592
1.6 0.05480 0.05370 0.05262 0.05155 0.05050 0.04947 0.04846 0.04746 0.04648 0.04551
1.7 0.04457 0.04363 0.04272 0.04182 0.04093 0.04006 0.03920 0.03836 0.03754 0.03673
1.8 0.03593 0.03515 0.03438 0.03362 0.03288 0.03216 0.03144 0.03074 0.03005 0.02938
1.9 0.02872 0.02807 0.02743 0.02680 0.02619 0.02559 0.02500 0.02442 0.02385 0.02330
2.0 0.02275 0.02222 0.02169 0.02118 0.02068 0.02018 0.01970 0.01923 0.01876 0.01831
2.1 0.01786 0.01743 0.01700 0.01659 0.01618 0.01578 0.01539 0.01500 0.01463 0.01426
2.2 0.01390 0.01355 0.01321 0.01287 0.01255 0.01222 0.01191 0.01160 0.01130 0.01101
2.3 0.01072 0.01044 0.01017 0.00990 0.00964 0.00939 0.00914 0.00889 0.00866 0.00842
2.4 0.00820 0.00798 0.00776 0.00755 0.00734 0.00714 0.00695 0.00676 0.00657 0.00639
2.5 0.00621 0.00604 0.00587 0.00570 0.00554 0.00539 0.00523 0.00508 0.00494 0.00480
2.6 0.00466 0.00453 0.00440 0.00427 0.00415 0.00402 0.00391 0.00379 0.00368 0.00357
2.7 0.00347 0.00336 0.00326 0.00317 0.00307 0.00298 0.00289 0.00280 0.00272 0.00264
2.8 0.00256 0.00248 0.00240 0.00233 0.00226 0.00219 0.00212 0.00205 0.00199 0.00193
2.9 0.00187 0.00181 0.00175 0.00169 0.00164 0.00159 0.00154 0.00149 0.00144 0.00139
3.0 0.00135 0.00131 0.00126 0.00122 0.00118 0.00114 0.00111 0.00107 0.00104 0.00100
3.1 0.00097 0.00094 0.00090 0.00087 0.00084 0.00082 0.00079 0.00076 0.00074 0.00071
3.2 0.00069 0.00066 0.00064 0.00062 0.00060 0.00058 0.00056 0.00054 0.00052 0.00050
3.3 0.00048 0.00047 0.00045 0.00043 0.00042 0.00040 0.00039 0.00038 0.00036 0.00035
3.4 0.00034 0.00032 0.00031 0.00030 0.00029 0.00028 0.00027 0.00026 0.00025 0.00024
Z
Total Z to + infinity
FIGURE D.1. Area in One Tail of the Standard Normal Distribution
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